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Data Types and Expressions

In the following, we de ne all available data types and expressions of the
Quartz language. Before we start the detailed description of the data types
and expressions, we have to discuss some general issues to explain the differ-
ent classes of data types.

Since Quartz is a programming language with concurrent actions, it is
important to distinguish between atomic and composite data types. The differ-
ence between these two classes is very important for checking write con icts:
Executing more than one assignment to a variable with an atomic type is a
write con ictl. In contrast, several actions are possible on a variable of a com-
posite data type provided that the different actions modify different parts of
the composite data type. For example, it is possible to assign different entries
of an array variable in a macro step, but it is not possible to assign two values
to a single integer variable in the same macro step. The distinction between
atomic and composite data types is one reason for the distinction of bitvectors
and boolean arrays.

Besides the data type, variable declarations must provide further informa-
tion, namely the speci cation of the information ow and the storage type. The
information ow classi es variables into input, control, output, and local vari-
ables. Assignments can only be made to output and local variables, and only
output variables are visible outside a module. Control variables are special
inputs that differ from ordinary inputs in that another module can be added
that provides these inputs as outputs (this is used in supervisory control and
speci es so-called open systems).

In the sections of this chapter, we rst explain the available data types, and
then the corresponding expressions that may occur in Quartz programs.

L In an earlier version of Quartz, there was a more liberal de nition of write con-

icts: Multiple assignments in one macrostep were allowed if the same value has

been assigned. However, this is more expensive to check and differs from the above
de nition only in rare cases.
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2.1 Data Types

Quartz is a statically typed programming language, i.e., we can derive for ev-
ery correctly typed expression a uniquely determined minimal type at compile
time that is a property of the expression that does not change during runtime.
As in every typed programming language, a data type in Quartz represents a
certain set of values. In the following, we de ne for each of the available types
the set of values that are represented by that type to de ne the semantics of
the data type. In Section 2.2.3, we then consider expressions of these data
types and de ne their semantics. The semantics of an expression is a value
of the set of values associated with the data type of the expression. We also
consider the concrete syntax of types and expressions as well as the rules to
derive the minimal types.

There is an inconvenience that we cannot avoid: As can be seen below, the
de nitions of data types and expressions depend on each other, since some
data types are speci ed with a static expression. A static expression is thereby
an expression that can be completely evaluated to a constant value at compile
time. For this reason, the reader may assume at the rst reading that static
expressions are constants, but should keep in mind that arbitrary static ex-
pressions can be used instead. Indeed, compilers will usually evaluate in a

rst step all the static expressions to constants, so that after this rst step,
static expressions are really constants.

The following enumeration lists all data types, where we already distin-
guish between atomic and composite data types:

De nition 2.1 (Data Types). Expressions in Quartz may have one of the fol-
lowing data types, where n is a static expression of type nat with n > 0:

atomic data types:
Tt bool denotes boolean values true and false
bv[n] denotes bounded length bitvectors with n bits
nat<n> denotes bounded unsigned integers
int<n> denotes bounded signed integers
bv denotes unbounded length bitvectors
nat denotes unbounded unsigned integers
T int denotes unbounded signed integers
composite data types:
t array(fi; n) denotes arrays of type fi with n eld entries
t fi * fl denotes a tuple type composed of types fi and fl

—+ —+ —+ —+ —+

Moreover, the types nat[n] and int[n] are de ned as nat<exp2(n)> and
int<exp2(n)>, respectively.

The above list already makes use of the concrete syntax of types except for
arrays that are declared differently (see Chapter 3 for the concrete syntax of
variable type declarations). For every data type fi, we de ne its semantics JfiK
as a set of values that may depend on the variable assignment » to evaluate the
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static expression n used in the above de nition. Variables and, more general,
expressions of type fi may then have a value of the set JfiK, .

In the de nition below, we make use of the set of boolean values B =
ftrue; falseg, bounded length tuples (sequences) fi" of length n as well as
unbounded length tuples (sequences) fi™ := [;L,fi' over a set fi. Moreover,
we need the sets of natural numbers N = 10; 1; 2;:: :g (see Appendix B.1) and
the setof integers Z =T:::; §2; §1,;0;1;2;:::9 (see Appendix B.3).

De nition 2.2 (Formal Semantics of Data Types). Using a variable assign-
ment » for the static constants, the semantics of the data types of De nition 2.1
is as follows, where n :=JnK  is de ned according to De nition 2.5:

T JboolK, := B = ftrue; falseg

T Jbv[n]K, :=B"

T Jnat<n>K :=T0;:::;n j 1g

T Jint<n>K :=fjin;:::;;n 19

T JovK =B~

T Jnatk, ;=N

T Jintk, :=Z

T Jarray(fi,n)K, is the set of functions from f0;:::;n j 1g to JfiK,
T Jfi * fIK, = JfiK, £ IfIK

According to the above semantics, some types are supertypes or subtypes of
other types. For example nat<3> is a subtype of nat<5>. The type system we
will describe in the next section will always derive the minimal type of an
expression. Thus, the value of the expression will belong at least to the set
that is the semantics of its minimal type. However, we can alternatively also
use any supertype which is sometimes necessary.

De nition 2.3 (Type Equivalence and Subtypes). For types fi and fl, we de-
ne the following binary relations:

t fi ... fl holds if Jfik, = JfIK
t fi,, fl holds if JfiK_  JfIK

If fi ... fl holds, we say that fi and fl are equivalent. If fi ,, fl holds, we say that
fi is a subtype of fl and fl is a supertype of fi.

We will see in the next chapter that the notion of subtypes and supertypes
will simplify the type system. For example, it is suf cient to consider addition
operators that take either arguments of type nat<n> or of type int<n>. Dif-
ferent range types are simply obtained by switching from a type nat<n> to its
supertype nat<n+k> or from a type int<n> to its supertype int<n+k>. Anal-
ogously, the addition of operands of types nat<n> and int<m> need not be
de ned since we can switch from a type nat<n> to its supertype int<n> (but
not vice versa). As an alternative to supertypes, we could use more overloaded
operators in that we de ne different versions of the addition operation.
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In contrast to previous versions of Quartz, the types nat<n> and int<n>
are no longer viewed as bitvectors which offers the possibility to use different
encodings of these types for hardware synthesis like signed-digit numbers,
radix-2, or 2-complement numbers. The use of ranges instead of the coarser
bitwidth yields moreover tighter estimations on the real numbers of bits re-
quired for the expressions, so that the compiler can do more over ow checks
at compile time.

2.2 Expressions

In this section, we de ne the set of expressions that can be used in programs.
Every expression has a uniquely determined minimal type, and the semantics
of an expression is a value of the set that is the semantics of the type of the
expression. In the following, we often say that the value of the expression is
consistent with its type to express that the value is a member of the set that is
the semantics of the corresponding type.

In this section, we will rst consider the syntax of expressions in that we
present the list of operators together with lexical rules like precedences and
associativities. Then we will describe in detail how the minimal type of an
expression is obtained. As in every typed programming language, there are
expressions that are not type-consistent, i.e., expressions where no type can be
inferred. The purpose of type-checking is to make sure that the operators are
applied correctly and to check to some extent that the bitwidths are suf cient.

The semantics of an expression is a value consistent with the type of the
expression. If the expression does not contain variables, it is a static expres-
sion. Static expression can be fully evaluated at compile time to values of a
certain minimal type. It has to be noted that the minimal type of a static ex-
pression can only be determined after its evaluation to a constant value. The
de nition of the semantics describes in this case how the static evaluation is
to be performed to obtain this value and its minimal type.

Expressions with variables depend on the values of these variables. Hence,
the semantics of such expressions depends on an assignment » of these vari-
ables to values (which is the content of the memory in technical realizations).
We will describe both the static and dynamic evaluation in a common setting.

In the following, we consider for different syntactic objects the aspects of
concrete syntax, type checking rules, and the semantics. To specify the type
inference, we write ¢ : fi to express that the type fi has been derived for
expression ¢ . The semantics of an expression ¢, is written as J; K .
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2.2.1 Variables
Concrete Syntax

Variables are given as strings where digits “07-<9”, lower case letters?
“a“-“z”, upper case letters “A*-“Z”, and the underscore symbol “_~ are al-
lowed. However, not all nonempty sequences of these characters are allowed,
there are the following restrictions:

Tt The identi er must start with a lower or upper case letter.
t The underscore character must not follow another underscore character.

The restriction to only allow single occurrences of underscore characters is
used to offer compilers a simple way to produce new identi ers when nec-
essary in that the compiler generated identi ers use a subsequence of two
underscore characters.

Type Checking

The type of a variable must be speci ed in its declaration (see Chapter 3).
Therefore, there is only one typing rule that simply refers to the given decla-

ration:
variable x declared with type fi

X : fi

Semantics

The semantics JxK of a variable x depends on the variable assignment, i.e.,
we de ne JxK, := »(X). We assume that the variable assignment » respects the
type of the variable. This means that if X has type fi, then »(x) 2 JfiK .

2.2.2 Literals
Concrete Syntax

Literals are strings that describe constant values. There is no need to specify
the type of a literal, since the literals are chosen so that the type can be implic-
itly derived. For the different data types, the following literals are allowed:

bool: The two literals true and false are the only constants of type bool.

2 A letter is one of the following symbols: a,b,c.d,e,f,g,h,i,j.k,1,m,n,0,p,q,r,s,t,u,v,w,
X,y,z, and digits are 0,1,2,3,4,5,6,7,8,9. Hence, there are no Latinl symbols and no
Unicode symbols.
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bv[n]: Constants of bitvector type bv[n] can be given in hexadecimal, octal,
or binary representation. To distinguish these from constants int<n>, one
of the characters x, o, or b has to be added as a suf x to indicate a con-
stant given in hexadecimal, octal, and binary representation, respectively.
Examples for bitvector constants are therefore 101010b, 520, and 2AFx.

int<n>: Constants of bitvector type int<n> are given as decimal numbers
with a potential leading negative sign ‘-, i.e., nonempty strings of digits
with a potential leading negative sign ‘-'.

nat<n>: Constants of bitvector type nat<n> are given as decimal numbers
followed with a character u, i.e., as a nonempty string of digits. The
suf x "u" is used to distinguish between constants of types nat<n> and
int<n>. This distinction is necessary to correctly evaluate expressions like
2-3<0: According to the syntax, these are interpreted as constants of type
int<n>. Hence, the static evaluation of the compiler rst evaluates 2-3
to -1, which is less than 0. Interpreting the constants with type nat<n>
would lead to a different result: the compiler would evaluate 2u-3u to Ou,
which is not less than Ou.

It is not possible to write numeric constants as binary, octal or hexadeci-
mal numbers. However, since one can specify such bitvectors as constants
of type bv[n], one can then simply convert these constants to constants of
type nat<n> or int<n> using the functions bv2nat and bv2int as described
below. In the same way, one can use the inverse functions nat2bv and int2bv
for converting numeric constants to bitvectors.

There are no constants for the unbounded types bv, nat, and int. How-
ever, note that the unbounded length bitvector types bv, nat, and int are
supersets of the corresponding bounded length types, and therefore the con-
stants of the bounded types also belong to the corresponding unbounded type.

Type Checking

The types of the boolean constants true and false is clear. The types of
bitvector constants can be directly derived from the syntax of the constant
and the number of the used bits. This leads to the following typing rules,
where we use the notation h i} to evaluate radix-B numbers as de ned in
De nition ?? on page ??:
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true : bool false : bool
2 0;1g"b 2 f0;:::;79"0 2 10;:::;9A;:::; Fg™X
- bv[n] : bv[3*n] : bv[4*n]
210;:::;99 2 §'F0;: ;99
cint<h i), + 1> cint<jh iY>
210;:::;9qu

:nat<h i) + 1>

Semantics

The semantics of the boolean constants true and false is clear: We de ne
JtrueK := true and JfalseK  := false.

The semantics of a bitvector constant ¢ given as a binary string is analo-
gously obtained in that 1 is mapped to true and 0 is mapped to false to obtain
the semantics JcK, 2 B™. The semantics of bitvector constants given as octal
strings is obtained by rst converting these strings to an equivalent binary
string which is done digitwise according to the following table:

loctal digit|binary sequence||octal digit|binary sequence|

0 000 4 100
1 001 5 101
2 010 6 110
3 011 7 111

Analogously, the semantics of bitvector constants given as hexadecimal strings
is obtained by rst converting these strings to an equivalent binary string
which is done digitwise according to the following table:

lhex| bin [[hex| bin |[hex| bin |[hex| bin |

0 |[0000|| 4 |0100(| 8 (0100 C |1100
1 |0001|| 5 |0101| 9 |0101| D |1101
2 |0010|| 6 |0110|] A |0110|| E |1110
3 |0011} 7 (0111} B |0111|| F |1111

The semantics of a constant of types nat<n> and int<n> is clear: the constants
are given as decimal numbers.

2.2.3 Operators

As usual for many programming languages, operators can be overloaded, i.e.,
we use the same symbols for different, but related functions whenever these
functions can be distinguished by the types of their arguments. For example,
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[prec.[operator

associativity

comment

1 (Gni1iiiiié0) tuple constructor
{-m tuple access
al¢] array access
o{m} bitvector bit access
¢{m:n} bitvector segment
¢{:n} bitvector segment
({m:} bitvector segment
2 |not”, 1~ bitwise/boolean negation
- unary minus
abs(¢) absolute value
int2bv(;) convert int to bv
nat2bv(¢) convert nat to bv
bv2int(;) convert bv to int
bv2nat(;) convert bv to nat
sizeOf(;) bitwidth of ¢ in bits
{’::n} replicate * n times
reverse(¢) reverse bits
fromArray(;) convert boolean array to bitvector
sat<n>(;) saturate ¢ to nat<n> or int<n>
exp2(;) compute 2¢
1og2(;) compute dlog,(¢)e
3 ¢ @ .. left to right bit/bitvector concatenation
i * left to right ~ multiplication
¢ /. left to right  division
i % .. left to right  remainder
4 | + . left to right  addition
i - left to right  subtraction
5 [¢ <. nonassociative less
i <= nonassociative less-or-equal
i > nonassociative greater
i >= nonassociative greater-or-equal
i == left to right  equality
¢ 1= .. left to right  inequality
[ 6 [7and =, 7 &~ left to right  (bitwise) conjunction |
[ 7 [7 xor = left to right  (bitwise) exclusive disjunction |
] 8 [or 7,7 | T left to right  (bitwise) disjunction \
[ 9 [7imp ~,7 >~ left to right  (bitwise) implication |
] 10 |7 equ 7,7 <> 7 left to right  (bitwise) equivalence \
[11 [C?%:.) conditional operator |
12 |forall(fi i=m .. n) ~ generic conjunction
exists(fi i=m .. n) ~ generic disjunction
sum(fi i=m .. n) ¢ generic addition

Table 2.1. Operators with their Precedence and Associativity

we use the same symbols for signed and unsigned arithmetic operations al-
though the underlying functions signi cantly differ (see Appendix B).

Table 2.1 lists all available operators together with their precedence
(which is important to save delimiters for parsing) and associativity (for bi-
nary operators only). Precedence 1 is the highest and 12 the lowest, so that
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a and b or c is a disjunction whose left hand argument is a conjunction.
One has to use delimiters like in a and (b or c) to construct a conjunction
whose right hand argument is a disjunction.

Associativities of binary operators is a further means to avoid ambigu-
ity in expressions. As and is left-associative, the expression a and b and c
is parsed as (a and b) and c, so that delimiters are required to construct
a and (b and c) if desired. We followed the de nition of the C program-
ming language in that we used the same syntax, precedences, and associa-
tivities whenever possible. There are however minor differences: In contrast
to the C programming language, comparison operators like < are not associa-
tive in Quartz, since they can not be nested unlike in C. However, equality
== and inequality can be nested. For example, a == b == ¢ will be read as
(a == b) == c which implies that ¢ must have type bool, and that a and b
have the same type.

For boolean operators, one there is the alternative syntax 1, &, |, ->, ®, <->
instead of not, and, or, imp, xor, and equ. Note that == and != are equivalent
to <-> and xor, respectively. Nevertheless, we recommend the use of <->and
Xor, since these operators can also be bitwisely applied to bitvectors, which is
not the case with == and != (these return boolean values in this case).

Typing Rules

Table 2.1 presents the syntax of operators that includes the precedences and
associativity rules. Clearly, not every expression that can be formed by these
syntax rules is a legal expression, since expressions have to be additionally
correctly typed. The type system used in Quartz can be summarized in a short
hand notation and is shown in Figures 2.1-2.3, where ¢ : fi means that the
type fi can be derived for expression ¢, .

Figure 2.1 presents implicit and explicit type conversion rules. Note that
the type of an expression is not uniquely determined, since the rules of Fig-
ure 2.1 allow us to switch from one type to another one. However, there is
always a minimal type with respect to the partial order relation of De ni-
tion 2.3, and this type is uniquely determined. We therefore distinguish be-
tween a type of an expression or its minimal type. Rules (1.1)-(1.10) present
the implicit type conversion rules that do not require operators and are used
by the type checker itself whenever necessary. Without these rules, the min-
imal type of an expression is derived, while the use of these rules switches
to a supertype. In particular, rule (I.1) is the embedding of nat<n> in the su-
pertype nat<n+m> and rule (1.2) is the analogous rule for the types int<n>
and nat<n+m>. In binary representations, these rules correspond with digit
extensions as explained in Lemma B.25. Rules (1.3) states that bool is also
viewed as bv[1], and rules (1.4)-(1.6) state that the bounded types bv[n],
nat<n>, and int<n> are included in the corresponding unbounded types bv,
nat, and int. Rules (1.9) and (1.10) introduce the shorthand notation nat[n],
and int[n] to specify bounded numeric types via their binary bitwidths.
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implicit type conversion

(1:3) g,é::btzlo[oll] (1:4) ‘ ;;t?vb[\:]]
a9 oL
am e 1 L
explicit type conversion
(I:11) bv2nat(g,¢) :: zz&i]epo(n» (1112) bv2n;t:(¢b;/: nat
(1:13) bvzint((;)é::iz\'/cggpz(n-lp (1:14) bv2irit:(f;/ it
(1:15) nat2bv(¢)é; t;\r/]?:;z_:ize(n—l)] (1:16) natéb:v?f)t: bv
(1:17) int2bv(<',)é: :bi/n[ti:'];ize(-n)] (1:18) intéb:\/:; )t “bv
019 gy e 120 gl

Fig. 2.1. Type System of Quartz (Part I)

Rules (1.11)-(1.20) describe explicit type conversion rules, i.e., operators
that are used to change a type of an expression with an according conver-
sion function. Rules (1.11) and (1.12) convert bitvectors to natural numbers,
where the bitvector is viewed as a radix-2 number. Similarly, rules (1.13) and
(1.14) convert bitvectors to integers, where the bitvector is viewed as a 2-
complement number. Note that n bit radix-2 numbers encode the 2" numbers
j2nil.....2nil ¢ 1 which is the semantics of the type int<exp2(n-1)>. The
inverse conversions are typed in rules (1.15)-(1.18), where natsize(n) and
intsize(n) are de ned below. Finally, rules (1.19) and (1.20) show how the
absolute value function is used to convert signed to unsigned integers.

De nition 2.4 (Minimal Bitwidths). For every n 2 N and every m 2 Z, we
de ne the number natsize(n) 2 N and intsize(m) 2 N as follows:
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composite types and part selectors (where p; := iJ...iK mod nm)
e v L e I
(1:3) é :array(f;f-?]): fim S (i 4) bV[n] bv[n;rr%[m]
(11:5) { bvé[g} :.Bozoilnt<n> I 6) bv[{r.1”]1 . ,::'zl}z;it:vt[?:i p22+ Et<n>
(a7 & tbv[n] ..:int<n> (1) & :bv[n] .. :int<n>

¢F.. g bv[p: +1] ¢Fg:bvln j p2]

(bitwise) boolean operators (same rules also for unbounded bv)

¢ »bv[n] .. :bv[n] cbv[n] .. :bv[n]

(1:9) ] (11:10) & e

(1:11) ¢ :fv_[:] ,"t')\;[bnv][n] (1:12) £ _b"[”] _"'bi/k["r:][”]
am ¢ -bv[n] .ibv[n] A bv[n] . 1 bv[n]

(11:13) BV (e

arithmetic operators (same rules also for unbounded types)

¢ L nat<m> . @ nat<n> (o int<m> . int<n>

(11:15) ¢ + ... nat<m+n-1> ar: 16) + .. Int<m+n>
;o <m> . <n> ¢ <m> .. :int<n>
(11:17) & ngt m -nat<nma>t n (11:18) & :int<m Int<m|+nnt> n
[T .
i ¢ hat<m> .. :nat<n> ¢ |nt<m> . . Int<n>
(11:19) ¢ * .oonat<(m-1)*(n-1)+1> m 20) o int<m*n+1>
) { rnat<m> . @ nat<n> s int<m> .. int<n>
(1:21) ¢ /.. :nat<m> m 22) ¢ [ ..o int<m+1>
) { T nat<m> .. :nat<n> { o int<m> . :int<n>
(1:23) ¢ % .. :nat<n-1> (1 24) % .. :nat<n-1>
(11:25) 6' :'niitt<<nn>> m 26) ‘ :llnntt<<nn+>1>
=
arithmetic relatlons
, . int  ..oint ;. int .ooint
(11:27) ‘6 < hool> (11:28) 6& S hool>
) i oint  oint ¢ .int  .iint
(11:29) {, <= ..:bool> (I 30) : bool>
(11:31) ¢. : 1[]12 -Bc;ol|n>t (11:32) ¢ bv[m] ...t.)c;oblv>[n]
L == . .
) {-int  Lint ¢ bv[m] .. :bv[n]
(11:33) ¢ 1= .. :bool> (11:34) ¢ 1= ... bool>

Fig. 2.2. Type System of Quartz (Part 1)
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¢ - nat<n> ¢ - int<n>
(1) sizeOf(;) : nat<natsize(n j 1)> (11:2) sizeOf(;) : nat<intsize(jn)>
(11:3) reve:&s:e?z )[r:]]bv[n]
(111:4) % (11:5) f?orr?;rrfg)/((g\;[lgvlr:]r)l]
(111:6) sat<?1;(2{;t:<:;t<n> (e sat<(.;l>:(z;r;t:<;n:t<n>
(11:8) gp °na23:;22> s (119 |og62(:¢r;a:t:2:<n>
(11:10) 7 bog!?é c)fl . i

Fig. 2.3. Type System of Quartz of (static) Expressions

0

t natsize(n) := dlog,(n + 1)e forn >0

81 forn=0
<1+dlog,(n+1)e forn>0
T intsize(n):= _1 forn=0

“1+dlog,(jn)e forn<O0

As shown in Appendix B, natsize(n) is the minimal number of bits required to
represent the number n 2 N in binary format, and intsize(n) is the minimal
number of bits required to represent the number n 2 Z in 2-complement.

Rule (I1.1) is the type rule of the tuple constructor that generates, e.g.,
from two expressions ¢, and ... the pair (¢;..). Rule (11.2) is the type rule of the
tuple selector operator that selects from a tuple like (;;..) a component like
;)= .

Rule (11.3) refers to array access, where the expression a[¢] is allowed to
also have array type. Note however that except for array access there is no
operator that would accept an expression of array type. Moreover, also the
assignment statement is only allowed for atomic types. Note that the type
int<n> is allowed for the index expression as will be discussed in the next
section.

Rules (11.4)-(11-8) are type rules for bitvector expressions. Rule (11.4) de-
scribes the construction of bitvectors by the concatenation operator. Rule
(11.5) de nes the access to a single bit of a bitvector expression. Rules (11.6)-
(11.8) de ne the types of different versions of the slicing operator. Note that
the index expressions ..., .1, and .., are static expressions which is a major
distinction to array accesses. Analogous to array accesses, we also allow the
type int<n> for the index expressions.

Rules (11.9)-(11.14) describe the type rules for the (bitwise) boolean op-
erators. Note that due to rule (1.3) these operators can also be applied to
arguments of type bool. Rules (11.15)-(11.26) are the type rules of the arith-
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metic operators that should be clear. The ranges of the used types are ob-
tained by considering the minimal and maximal values or -1 (as in case of
(11.11)). The rules (11.9)-(11.14) do also apply for unbounded types. The rules
for arithmetic relations (11.27)-(11.34) are only stated for type int. However,
as nat<m>, nat, and int<m> are subtypes of int, we can use these rules also
for these subtypes in any combination. Note that the equality of bitvectors
accepts argument types of different bitwidths (the result is false for different
bitwidth).

Rules (111.1) and (I11.2) describe possible uses of the sizeOf operator that
can compute the minimal numbers of bits required to implement expressions
of types nat<n> and int<m> as radix-2 and 2-complement numbers, respec-
tively. (111.3) is the typing of the reverse operator. Rule (111.4) describes the
bit-iterator that generates n copies of a boolean expression in a bitvector.
Rule (111.5) explains how the fromArray operator converts a boolean array
to a bitvector. Note that the inverse operation can be easily obtained by a
generic sequence of assignments as explained in the section on statements.
Rules (111.6) and (111.7) are the type rules for the sat operator that imple-
ments saturated arithmetics as explained in the next section. The remaining
rules should be clear.

Note that we do not list type rules for generic conjunction, generic disjunc-
tion, and generic sums, since these are viewed as abbreviations of expressions
whose type rules have already been given.

Semantics

Having explained the syntax and the type inference rules of expressions, it
remains to formally de ne the meaning of expressions. In general, we de ne
the semantics J;K, of an expression ¢ with respect to a variable assignment
» and assume that the variable assignment » is type consistent, i.e., that for
every variable x, the value »(x) belongs to the semantics of the type of x.
This holds also for the semantics J; K, of an expression ¢, i.e., also J¢K  is an
element of the set of values that is associated with the type of .

In general, the semantics J¢K, of an expression ¢ depends on », so that
whenever the variable assignment changes, also the semantics J¢K, may be
changed. Therefore, the semantics of an expression is rather a function that
depends on the expression and on a variable assignment. This is in particular
convenient to describe the change of the semantics of an expression during
the execution of the program where the values of the variables are changed.

Certain subexpressions must be static expressions, i.e., they must not de-
pend on the current variable assignments. Therefore the values of static ex-
pressions can be evaluated at compile time. In case that ; must be a static
expression, we write J¢ K, thus omitting the dependence on the variable assign-
ment », to enforce the static evaluation of ;. Static expressions may therefore
be viewed as constants, although the may consist of variables that are not rel-
evant for their value. For example, an extreme example is the number of bits
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sizeOf(x) of a variable x which is a static value although it depends on the
variable x.

Using these remarks on the notation, the semantics of expressions is re-
cursively de ned below. It is essentially the dynamic (or static) evaluation of
expressions and therefore forms a core of the semantics of Quartz.

De nition 2.5 (Semantics of Expressions). For a given variable assignment
», the semantics of an expression ¢, is a value J¢ K that belongs to the set that is
the semantics of the type of (. This value J¢K; is recursively de ned as follows:

t for variables and constants, we de ne

JxK, := »(x) for every variable x

JcK is de ned as explained in Section 2.2.2
T for tuple constructor and;selector, we de ne .

Jeniniineo)K, = JingaK, it doK,

T for array access, we.ge ne
IX[¢ K, :=JIxK, J¢K, mod n , where n is the size of the array x

and p2 := (J..2K mod n), we de ne the semantics of bitvector operators as
follows:

JFe ngK) i= (J¢K, ;::053¢K)) (a tuple with JnK entries)
JsizeOF(7)K, :==n
T for (bitwise) boolean operators, we de ne with (#n;1;:::;#0) := J7K, and
“nit i 7o) = 37K, the following
JUVPK, == (Z#n; 1,000 “#o)

J7 & TK = #n; 1N i #0 N 0)

J7 xor 7K = #ni1 " Tniniini#o T 70)

Jint2bv(¢)K, = (bn;1;:::;bo) With h[bn;1;:::;boli5 = 3K, and n :=
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t for arithmetic operators, we de ne®
JicK, = i JiK,
Jabs(¢ ), ::jJ(;K»[
Jo + .K ::t}(,K +J.K
1 ¢ = *0: if ¢ s nat<n>or ;.. :natand J K < J.K

¢ 7T ek JLK  otherwise
Jo * .K :=%_¢K»¢J...K» )
J [/ .K = iJ(;K» div J.K,
Jo % K, = JK, mod J.K,

. — 0K,
JeXpZ(C)K» - % :t
‘]Iogz(C)K» = Iogz ‘](;K»
for ¢ : nat<m>, we de ne

-m

%o
Ny JeK o if0eJiK < JnK
Jsat<n>(¢)K, = Jn-1K otherwise

for ¢ : Iint<m>, we de ne

8 .
<JK, if §InK=JiK < InK

Jsat<n>(¢ )K= _ In-1K JoK) , InK
T J-nK JeK, < §JnK

T for arithmetic relations, we de ne
Jo < LK, i=JK, < J.K,
Jo <= LK, =K, = J.K,
Jo > K, =K, =>J.K
Jo >= K =XKL, J.K,
T for equality and inequality operators, we de ne

Jo == K, = 3K, = J.K;
Jo 1= K = 3K 6&J.K,
T nally, %

00
JeK if J7K
,’). . — » »
2K, J..K, otherwise
for ¢ : nat<n>, we de ne JsizeOf(;)K, := natsize(Jn j 1K)
for ¢ : int<n>, we de ne JsizeOf(¢ )K, := intsize(J j nK)

The semantics of variables, literals, and the tuple constructor and selector
is clear. Recall that for every data type fi, the semantics of the array type

3 The arithmetic operators used to de ne the semantics are those that are de ned for

1g for unsigned types ;.
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elements of the semantics of type fi. Hence, the semantics of the array access
is essentially the function application of the function JxK  to the argument
JeK, .

As we allow index expressions of type int<n>, we included a modulo oper-
ation in the de nition of the semantics, although the index expression should
de nitely have a nonnegative value. The reason for this is that we wish to
allow expressions of type int<n> without using the abs operator to switch
to a legal type whenever we know that the index expression is not negative.
The alternative to use the absolute value of the index expression instead is
not good for two reasons: rst, the value -n will still lead to an over ow, and
second the use of the modulo operator has additional interesting properties
as will be explained below for bitvector operations. From a theoretical point
of view, we could also require in rule (11.3) that the index expression has type
nat<n> so that the programmer has to use the modulo operator in his or her
own. However, we wish to remove that burden from the programmer.

Note that the only operation (except for packing in a tuple or selecting
from a tuple) that can be applied to a variable of array type is to access one
of the elds of the array. Therefore, only full array access is allowed, i.e., for a
two dimensional array of integers it is not possible to access a row or column
of that array (although this requires multiple applications of rule (I1.3)).

Bitvector concatenation should be clear. Since we identify bool with
bv[1], it is also possible to concatenate boolean values to bitvectors or to
other boolean values.

For the explanation of the bitvector access operations, assume rst that we

p2 = (p2 mod n), and therefore the following holds:

T 7f..10 represents #,,, i.e., the p;-th bit

T 7f.1 .20 represents (#p,;:::;#p,) of length ps j (p2 i 1)

T 7.1 :g represents the suf X (#p,;#p,51;:::;%#0) of length p; +1

T 7f. .20 represents the pre X (#n;1;#nj2;:::;#p,) Of length n j po

Now assume that jp; = J..K and jp, = J.oK are negative (hence, 0 <
P1; P2 < n). Then, we have (J..;K mod n) =n j p; (since jpi = (i)tn+(nj
pi), thus §1 = ((ipi) divn)andn j pi = ((ipi) mod n)). Hence, we have:

T 7f..10 represents #n;p,, i.€., the n j pi-th bit

T 7f.1 .20 represents (#nip.s it #nips)

T 7f.q:grepresents the suf X (#njp.;#nip.i1-::;#o)oflengthn j pp +1
T 7. .20 represents the pre X (#n;1;#ni2; 5 #nip,) Of length p,

In particular, *fj 1g is the leftmost bit while *0g is the rightmost bit. More-
over, >f. ..,g represents the pre x with p, bits and *f..; :g represents the
suf x with p; + 1 bits. Note that *f..; : ..1g represents (#y,), i.e., the bitvec-
tor that only contains the p;-th bit, while ~f...g is only the p;-th bit, i.e.,
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a boolean value. However, since we do not distinguish between bool with
bv[1], this does not matter and both values are the same.

Note that the expression T j 1g for accessing the leftmost bit is much more
convenient that the equivalent expression ”fsizeOf(”) j 1g that would have
to be used without the freedom to use index expressions of type int<n> and
the semantics with the modulo operation.

For the slicing expressions *f..; : .0, it is checked at compile time
whether p; := (J...K mod n) is greater than or equal to p, := (J...K mod n). If
this is not the case, a type error is reported at compile time (note that ..; and
.. are static expressions!).

Finally, the replicate operator :: is used to generate a bitvector of speci-

ed length that contains the same bits. For example, {b: :5} with a boolean
expression b generates a bitvector of type bv[5] that contains the bit b ve
times. Together with the @ operator, this can be used to de ne many macro
operators like zero or sign extension as shown in Section 2.2.5.

The fromArray operator can be used to convert a boolean array to a bitvec-
tor. Note how the bits of the resulting bitvector are arranged. Last but not
least, reverse reverses the bits of a given bitvector, i.e., reverse(b) is repre-

The semantics of the (bitwise) boolean operations is very simple. For rea-
sons of completeness, we de ne the operators we used to de ne the semantics
in the following table:

X y IX XAYXTYyX_yxvyxs$By
false false|true false false false true true
false true |true false true false true false
true false|false false true false false false
true true |false true false true true true

For conjunction and disjunction, there are also generic variants that are un-
rolled during compilation to normal conjunctions and disjunctions, respec-
tively. For this reason, it is required that the index bounds must be static ex-
pressions. Examples for these expressions are as follows (more explanations
on the generic syntax is also found in Section 3.4.4):

Tt forall (nat<4> i=0u..3u) a[i] and not b[i]
T exists (nat<4> i=0u..3u) a[i] and not b[i]

In case, that the bounds specify an empty set of indices, then the forall
construct evaluates to true and the exists expression evaluates to false.
The semantics of an arithmetic expression is simply that number that is
obtained by applying the corresponding arithmetic operation to the numbers
that are obtained by evaluating the operand expressions. In a similar way,
we de ne the semantics of comparison operators and the equality operator.
Precise de nitions with possible implementations are given in Appendix B.
Further comments are necessary for the semantics of division and modulo
operators, since there is still no standard de nition in computer science. In



20 2 Data Types and Expressions

general, the quotient g and the remainder r obtained by the division of integer
a by integer b should always ful Il (1) a =qtb+ r and (2) jrj < jbj (since
this is already required by Euclidean rings). However, these requirements do
not uniquely determine g and r for given numbers a and b: Lemma B.34 on
page 304 shows that there are always at most two solutions that satisfy the
conditions (1) and (2). Indeed, different additional conditions are used by
different programming languages and microprocessors to select one of these
two possible solutions. In particular, the following de nitions can be used:

X y| Oer JroundqgtoOjroundqgto §j A|roundgto + 1L
x/y X % yxly x % yx/y X % yx/y X %y

5 3] 1 2] 1 2] 1 2 2 il
5i3 il 2l il 2| i2 ill il 2
i5 3| i2 1| §1 i2l i2 1 i1 i2
i5i3l 2 1l 1 i2| 1 i2| 2 1

Even worse, there is no agreement in programming languages (see Figure H.6
in [59]). However, note that the conditions (1) and (2) given above hold in
all of these variants.

In Quartz, the division and modulo operations are de ned such that the
remainder is always non-negative, i.e., fory = 0,x / yand x % Yy are the
uniquely determined numbers that satisfy the following conditions (abs(y)
denotes the absolute value of y):

X=x/7y)*y+ X%y)and0 < x % y and x < abs(y)

Hence, the remainder x % Yy is always a non-negative number and therefore
its type is nat<...>. It is moreover easily seen that the remainder x % y
requires one bit less than the divisor y.

From a mathematical point of view, division by zero and subtraction X j y
with x <y for unsigned numbers are not de ned. In many programming lan-
guages, such cases lead to runtime errors that have to be catched at runtime.
In a similar way, some hardware circuits like microprocessors know the con-
cept of exceptions and are able to react to these situations in a corresponding
way. In future versions of Quartz, we plan to implement an exception han-
dling mechanism similar to Java to handle these cases in a consistent setting.

2.2.4 Type Checking of Static Expressions

Quartz is a statically typed language, i.e., the types of all expressions are
determined at compile time and do not change during runtime. This means
that an expression has a certain type like nat<6> even if its current value may
only be 2. In contrast, in a dynamically typed language, the type would be
adapted to the current value, so that the type of a variable with value 2 would
be rather nat<3> than nat<6>. Dynamic typing is however not reasonable for
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hardware description languages, and therefore a statically typed approach is
preferable for Quartz, too.

Although Quartz is a statically typed language, there is one minor excep-
tion: the evaluation of static expressions is done at compile time, and the type
of the static expression is the type of the nally obtained constant. Hence,
the type of 3*7-14 is Int<8> since the expression evaluates to the constant
7 of type Int<8>. In contrast, the type of x*y-z with variables x, y, and z of
types int<4>, int<8>, and Int<15> is int<48>. This does not really violate
the static typing rules if we interpret the static evaluation as a step that is
done before type checking.

In principle, only variable-free expressions are static expressions with the
exception that also all expressions of the form sizeOf(;) are static expres-
sions. This is due to the fact that the language is statically typed and that
therefore the bitwidth of an expression ¢ does not change during runtime.

2.2.5 Macro Operators

Clearly, many more operators can be thought of, and in practice many more
are really required to achieve some degree of convenience. Instead of adding
too many operators to the core language, we prefer to de ne further operators
as simple macros that can be added by preprocessor directives. The following
list contains some of the most popular macro operators whose meaning is
given by the semantics of their de nition:

#define odd(x) ((x % 2u)==1u)

#define even(X) ((x % 2u)==0u)

#define max(x,y) (X<y?y:x)

#define min(x,y) (X<y?x:y)

#define shtr(b,i1) {false::i}0b{:i1}

#define shtl(b,1) b{-(i+l):}e{false::1}
#define rotr(b,i1) b{(i-1):}@b{:i1}

#define rotl(b,i) b{-(i+1):}@b{:-(i-1)}
#define zeroext(b,n) {false::n-sizeOf(b)}@b
#define signext(b,n) {b{size0f(b)-1}::n-sizeOf(b)}ab
#define hd(b) b{-1}

#define tl(b) b{-2:}

#define last(b) b{0}

#define butlast(b) b{:1}

#define prefix(b,k) b{:(0-k)}

#define suffix(b,k) b{(k-1):}

#define MinInt(n) true@{false::(n-1)}
#define MaxInt(n) false@{true::(n-1)}
#define MaxNat(n) {true::n}

#define Zero(n) {false::n}

—+ —+ —+ + + + + + —+ + —+ + —+ —+ —+ — —+ —+ —+ —+
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2.2.6 Matching Types to Expected Supertypes

The type rules given in Figures 2.1-2.3 can be used to derive one of the possi-
ble types of an expression. If we exclude the type rules (I.1)-(1.8), the minimal
type would be computed. However, in many expressions this would not allow
us to derive any type at all even though the expression is correctly typed. This
is due to the fact that we did not list all possible cases of argument types of
all operators, and instead only listed some maximal argument types. For this
reason, the rules (1.1)-(1.8) are necessary to derive even the minimal type.

For example, consider the expression 4-2u. According to the type rules of
literals, we obtain 4:int<5> and 2u:nat<3>. The type rules for subtraction
(11.17) and (11.18) do however not allow arguments of that type. For this
reason, we have to apply rule (1.7) to lift the type of 2u to the supertype
2u: int<3>. Let us call types that only differ in their ranges homogeneous i.e.,
nat<3>, nat<6> and nat as well as int<3>, int<6> and int.

In cases where two or three arguments of heterogeneous types are given,
but where only type rules of homogeneous types are available, we can use the
following table to compute the maximum type where all argument types can
be lifted to:

| lbv[n] nat<n> int<n> bv nat int|
bv[m]

nat<m> nat<max(m,n)> int<max(m,n)> nat int
int<m> int<max(m,n)> int<max(m,n)> int
bv

nat nat nat int
int int int int int

Of course, the table can be extended also to composite types, so that we can
also compute maximum types for tuple and array types.

Hence, the use of an expression in a context also often leads to an expected
type that must, in general, be a supertype of the already derived type of the
expression. The compiler can then extend the type to the supertype so that
the generated typed expression obeys the type rules of Quartz.

However, there are some exceptions of this rule, which should from a pre-
cise theoretical point of view not be allowed. Nevertheless, it turns out to be
too inconvenient in practice if we would not break the rules for an expression
¢ in the following cases:

t assignment of ; to a variable x = ¢
T use of ¢ as index expression of an array expression X[ ]
t use of ; as argument of a module or function call* name(...,¢,...)

From a theoretical point of view, we could always use modulo or other oper-
ations to map ¢ to the required range. However, in practice this turned out

4 This is not seen after textual expansion of the calls!
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to be too inconvenient, so that we decided to be sloppy in the above cases.
The classic example is the incrementation of a variable next(i) = i+1 that
can never be correctly typed with bounded numeric types, since the expres-
sion 1+1 has type nat<n+1> if i has type nat<n>. Compilers should therefore
offer options to automatically generate assertions to check in the above cases
whether the ranges are suf cient, which can be done in simple cases by static
type checking, but requires in general formal veri cation methods. We de-
scribe in the sections on hardware and software synthesis how our current
Quartz compiler handles these cases in code generation.

2.3 Primitive Recursive Data Types

Primitive recursive data types such a lists or trees are not yet available in
Quartz. It is planned to add primitive recursive data types in future versions.
To this end, we will follow the styles as implemented in higher order theorem
provers which ful lls the highest standards to obtain high quality code.

2.4 Speci cations

The Quartz language allows to implement systems with a complex tempo-
ral behavior in software and hardware independent of the underlying tech-
nology like the processor architecture. It is therefore a high-level program-
ming language that is preferable in early design phases. In these early design
phases, the formal veri cation of the system is a task that is gaining more
and more importance. This is not only due to the increasing use of embed-
ded systems in safety-critical applications, but also due to economic reasons:
The currently used ASIC technology is so expensive that design errors that
are found after the layout synthesis can not be afforded. Moreover, upcoming
System-on-a-Chip design ows challenge the reuse of available hardware cir-
cuits (IP-blocks). For this reason, these reused hardware circuits are fabricted
in much more products than before and therefore the correctness is absolutely
mandatory and it can be afforded.

For this reason, a major aspect of Quartz are built-in capabilites that sup-
port the formal veri cation of the implemented modules. Quartz offers a wide
spectrum of speci cation logics [118] that can be used for this purpose, in-
cluding LTL, CTL, LeftCTE", and an extended variant of the full ,,-calculus
even with past modal operators. In the following, we brie y describe the syn-
tax, type rules, and the semantics of speci cations. We can not go into details
on the semantics of these speci cation logics and refer instead to [118] for
this purpose.
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|operator comment

InitialStates set of initial states

ReachableStates set of reachable states

! negation

& conjunction

| disjunction

-> implication

<-> equivalence

Xor antivalence

X next

G henceforth

F eventually

SU,wu strong/weak future until

SB,WB strong/weak future before

SW, wWw strong/weak future when

PSX, PWX strong/weak previous

PG has-always-been

PF has-once-been

PSU, PWU strong/weak past until

PSB,PWB strong/weak past before

PSW, PWW strong/weak past when

E existential path quanti er (for one computation)
A universal path quanti er (for all computations)
<> existential predecessors

<> existential successors

1 universal predecessors

[:] universal successors

mu X.~ least xpoint

nu x.~ greatest xpoint

exists x.~ existential quanti cation on a variable
forall x.~ universal quanti cation on a variable
exists (fi x=; .... where ) ” generic disjunction

forall (fi x=;.... where ) ” generic conjunction

Table 2.2. Operators for Speci cations in Quartz

2.4.1 Syntax

Table 2.2 shows the operators that can be used to construct speci cations.
There are two special constants InitialStates and ReachableStates that
are often required in speci cations. While ReachableStates can be easily
de ned as a macro for nu x. InitialStates or <:>X, it is not possible to
derive a description of the initial states. Note that ‘state’ refers here to the
labeled transition system that is derived from the program. Theses states in-
clude not only the program’s control state and its local and output variables,
but also the current input variables. Therefore, even if the program has only
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one initial state, the corresponding labeled transition system may have many
copies of that which are endowed with additional inputs.

The meaning of the boolean operators should be clear. The next group of
operators are linear time temporal operators that are categorized into future
time and past time temporal operators. It is known that past time temporal
operators can be eliminated [58, 79, 118], so we could theoretically ignore
them. However, rst, it turned out that past time temporal operators can be
used to construct exponentially more succinct formulas to express the same
property with only future time temporal operators [89]. Second, it has been
realized that in many cases the use of past time temporal operators leads to
much more readable speci cation. Hence, we feel that the use of past time
temporal operators is very important for practice.

The path quanti ers E and A that are used to quantify whether a path
property holds on at least one of the computations starting in a state or on
all of its computations. Using these quanti ers one can specify that from the
current state, there will be a possible further computation that satis es a given
path property of that all further computations starting in this state satisfy a
given path property. Note that these operators perform a certain reset of time
that is respected by the temporal operators.

The next two groups of operators refer to the modal ,,-calculus. The modal
operators <> and [] mean that a property holds on at least one of the succes-
sor states or on all (if there are any) successor states. The reversed variants
<:>and [:] check the same for the predecessor states. Finally, the operators
mu and nu are used to specify least and greatest xpoints as de ned in the
,,-calculus.

There is also the possibility to make use of the vectorized ,,-calculus which
is more succinct than the at ,,-calculus. An example speci cation looks as
follows®:

fixpoints {
mu X1 =y & alphal | beta & <>x1;
mu x2 =y & alpha2 | beta & <>x2;
nu y = beta & <>x1 & <>x2;
}iny
Vectorized ,,-calculus expressions can alternatively be read as alternating tree
automata, so that Averest’s speci cation logic is also capable to handle these
speci cations.
In such a vectorized ,,-calculus expression, the upper equations refer to
inner xpoints and the lower ones to outer xpoints. In the above case, we
could therefore use the following equivalent at ,,-calculus expression:

nu y. (beta &

® The property holds on states that have at least one path where all the time beta
holds, and in nitely often alphal and in nitely often alpha2 hold. It can therefore
be used to check the acceptance of generalized B chi automata
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<> nu x1.(y & alphal | beta & <>x1) &
<> nu x2.(y & alpha2 | beta & <>x2)

)

Finally, exists x:fi.” and forall x:fi.” are quanti ed expressions that
state that a property ” holds for one or all instances of a variable x of type
fi. The generic conjunction/disjunction are obviously nite cases of quanti -
cations.

The precedences and associativities of the boolean operators have already
been given for program expressions and hold also for speci cations. For the
other operators, the following rules apply:

T Monadic operators bind stronger than other operators. Hence, X a & b is
parsed as (X a) & b.

T Quanti ers and xpoint expressions (both are sometimes called binders)
are also viewed as unary operators. Hence, forall x. 2<x & x<10 is
parsed as (forall x. 2<x) & x<10, and the programmer has to use de-
limiters for the other case (forall x. (2<x & x<10)).

Tt The binary temporal operators have weaker priority than the operators
used in expressions of statements. It is required to always use delimiters
[ and ] around the binary temporal operators, e.g., we have to write
[ SUT].

2.4.2 Type Rules

For the de nition of type rules for the speci cations, we have to distinguish
between state and path formulas. State formulas express a property concern-
ing the state of the program, i.e., state formulas refer to a macro step of the
program. In contrast, path formulas express a property of a computation trace
that consists of in nitely many states: Even if the program terminates, the se-
mantics of statements that we will de ne in the next section is de ned so that
there will be a self-loop in the nal state. This is very important for the def-
inition of temporal operators, so that properties like ‘in nitely often’ are not
questionable.

The type rules given in Figures 2.4 and 2.5 show the type rules for speci -
cations where statef and pathf denote state and path formulas, respectively.

Rule (S.1) and (S.2) state that InitialStates and ReachableStates are
state formulas. (S.3) states that boolean program expressions are state for-
mulas, and so are boolean combinations of state formulas which is formal-
ized with rules (S.15)-(S.20). Every state formula is a path formula, which
is expressed by rule (S.4). The other rules of Figure 2.4 simply de ne the
typical state formulas (see any references for temporal logics, as for exam-
ple [37, 118]). Note that in the rules of the quanti ers, the bound variable x
describes a set of states.

Figure 2.5 describes the type rules for path formulas which are very sim-
ple. It is only stated that the temporal future and past time operators expect
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‘atomic’ state and path formulas

(S:1) InitialStates : statef (5:2) ReachableStates : statef
o ibv[1] . . statef
(53) > Statef & =~ patnt
modal operators
o\ :statef oy - statef
9 S stater (5:6) [1° :statef
_ ” : statef : ” : statef
(1) <:>7 : statef (S:8) [:] : statef
path quanti ers
o . pathf : ” : pathf
(59 >—ctater 10 & stater
quanti ers
_ > statef : 7 : statef
(S:11) mu x. ° - statef (5:12) nu x. ” :statef
_ ” . statef . * . statef
(S:13) Xists x. * : statef (519 Forall x. - : statef
boolean closure
_ * - statef ] > i statef 7 :statef
(S19) v stater ($:16) —— or = statef
.. ”:statef ~:statef aay - statef "~ :statef
(S:17) > & ~ :statef (S:18) * | 7 :statef
(si19) s;tatef : statef (5:20) ,statef . statef

-> 7 statef <-> 7 : statef

Fig. 2.4. Type System for State Formulas

path formulas are arguments and that they generate a new path formula. We
have to repeat again the boolean operators in rules (P.20)-(P.25), this time
for path formulas.

2.4.3 Semantics

The semantics of speci cations is formally de ned on a labeled transition sys-
tem that is derived from a Quartz program. In principle, the labeled transition
system is the semantics of the Quartz program, since its states and transitions
correspond with the reachable states and macro steps of the program. The
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temporal future operators

) ”? . pathf
(P X pathf

) ? : pathf .\ ~.pathf 7 :pathf
(P:2) G 7 : pathf (P:3) F ~ :pathf

.\~ :pathf T :pathf _y 7 :pathf 7 :pathf
(P4) 50 =1 patnt (P5) W =7 patnt

. _ .pathf 7 :pathf — _ :pathf 7 :pathf
(P6) 158 =1 - patnt PN W8 =1 patht

o :pathf 7 :pathf .+ . pathf 7 :pathf
(P:8) [ SW 7] : pathf (P:9) [ Ww 7] : pathf

temporal past operators

. ” : pathf i ” : pathf
(P:10) PSX ” : pathf (P:11) PWX ~* : pathf

) ”  pathf ) ? i pathf 7 :pathf
(P:12) PG ~ : pathf (P:13) PF ~ : pathf

) > . pathf 7 :pathf ) ? . pathf 7 :pathf
(P:14) [7 PSU 7] : pathf (P:15) [> PW 7] : pathf

] > . pathf 7 :pathf ] ? . pathf 7 :pathf
(P:16) [ PSB 7] : pathf (P:17) [ PWB ] : pathf

] ? . pathf 7 :pathf ) ? . pathf 7 :pathf
(P:18) [> PSW 7] : pathf (P:19) [ PW 7] : pathf

boolean closure

] 7 . pathf ) ? . pathf ~ :pathf
(P:20) 17 : pathf (P:21) — xor ~ : pathf

] ? . pathf 7 :pathf ) ? . pathf 7 :pathf
(P22) — ¢ =patnt (P23) ——=patnt
(P:24) : Pathf : pathf (P:25) :’pathf’\ : pathf

-> 7 : pathf <-> 7 : pathf

Fig. 2.5. Type System for Path Formulas

states are labeled with a variable assignment, and we moreover, classify the
variables into uncontrollable input, controllable input and output variables.

De nition 2.6 (Kripke Structures). A Kripke structure K = (1;S;R;L;V)
consists of a set of states S, its initial states 1 S, and a set of transitions
R S £S. Moreover, the set of variables V is partitioned into uncontrollable
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input variables Vy, controllable input variables V¢, and state variables Vs. The
labeling function L maps every state s 2 S to a variable assignment L(s) that
maps every variable to a value that is consistent with its type.

We will describe in the hardware synthesis chapter in detail how a labeled
transition system as described above is obtained from a Quartz program.

To explain the semantics of speci cations, we have to introduce some aux-
iliary de nitions in advance. The rst is the notion of a path through the
Kripke structure, which is informally clear. Formally, a path .. : N ¥ S
is a function that maps natural numbers to states of the structure so that
(.; .. 1) 2 R holds. Note that paths are by de nition in nitely long. We
say that the path starts in state ..(®) which need not necessarily be an initial
state. The set of paths of a Kripke structure K that start in a state s 2 S is
written as Pathsk (s)

The second auxiliary de nition is that of a modi ed Kripke structure. This
means that we keep the states and transitions of the structure, but modify its
labels as speci ed by a set of states Q and a boolean variable x:

De nition 2.7 (Kripke Structures). For a Kripke structure K = (1;S; R; L; V),
a variable x 2 V and a set of statess Q S, we de ne the structure K@ =
(1;S; R; L% V) with (where - denotes syntactic equality):
iy = LO) ify 6 x
L)) = s2Q ify - x

Having all the ingredients, we can now present the de nition of the semantics
of the single operators.

De nition 2.8 (Semantics of Speci cations). Given a path .. of a Kripke
structure K = (I;S;R;L;V), and a number t 2 N, the following rules de ne
the semantics of path formulas:

atomic path formulas

T (K;..;t) F 7 iff (K;..®) | ~ for each state formula ~
boolean closure

T (K., )1 iffnot (K;.;t) F 7

T K.Y fF? & TIff(K . ) F 7 and (K. ) F 7

T KaDF” | TiffK .G FETor (K. ) FET

T (K. HfF” -> Tiff (K;.;t) F ~ implies (K;.;t) F ~

T (K,.;)F 7~ <> Tiff (K;..;t) F 7 isequivalent to (K;..;t) =~
T (K. ;)F” xor Tiff(K; ;) FE><§>17

temporal future operators
T KGO FEXTIf(K . t+1) =7
t (K;.;t) =G~ iff for all -, we have (K; .;t+-)F ~
t  (K;..;t) F F” iff for at least one -, we have (K;..;t+-)F ~
t (K;.;t) E[” SU 7] iff there isa - , tsuch that (K;..;-) F ~ holds
and for all x with t ® x < -, we have (K;..;X) F ~
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t (K;.;t) =7 SB 7] iff thereisa- , tsuch that (K;..;-) = ~ holds
and for all x witht ® x « — we have (K;..;xX) F 1™

T (K;.;t) E[> SW "] iffthereisa- , tsuchthat (K;..-) F * & ™
holds and for all x with t ® x < -, we have (K;..;xX) =1~

T (K.HFEL W TTiff(K. ) FL7 SUTT | G

t (K ED W T (KO FEL7 ST ] 61

T K.GOFL w TTiff(K.;9F[7 SB 7] | GIT

temporal past operators

Tt (K;.;t) FPWX” ifft=0or (K;.;tj1)F "~

(K;.;) =PSX7ifft>0and (K; .;tj 1) fF ~

(K;..;t) = PG~ iff for all - = t, we have (K;..;-) F ~

(K;..;t) F PF” iff for at least one - = t, we have (K;..;-) F ~

(K;.;t) = [ PSU 7] iff there is a — = t such that (K;...;-) F ~ holds

and for all x with - < x = t, we have (K;..;X) F ~

t (K;.;t) = [7 PSB 7] iff there is a- = t such that (K;..;-) = ~ holds
and for all x with - « x = t, we have (K;..;xX) F 1™

T (K;.;t) | [> PSW "] iff thereisa- = tsuch that (K;.;-) E * & ~
holds and for all x with - < x = t, we have (K;..;x) F 1™

t (K. O F[7 P TTiff (K. ) F [7 PSU "] | 67

t (K. F [7 P T (K. = [7 PSW ] | G

T (K. pFE[” PWB T]iff(K;.;t) =[” PSB 7] | G!™

—+ —+ —+ —+

For a given state s of a structure K = (I;S;R;L;V), the semantics of a state
formula is given by the following de nitions:

atomic state formulas

t (K;s) F InitialStates iffs 2 1
t (K;s) F ReachableStates iff (K;s) F=nu x. InitialStates | <>x
T (K;s) = 7 iff J7K (s) = true for all boolean program expressions ”

boolean closure

t (K;s) 17 iffnot (K;s) =~

t (Kis)F” & Tiff (K;s) =7 and (K;s) E~

T K| Tiff(Kis)F 7 or(K;s) F~

T (K;s) F* -> Tiff (K;s) = ” implies (K;s) =~
t (Ks)E 7 <> " iff (K:s) | 7 iff (K:s)F "~

t (K;s) =~ xor " iff (K;s)F ~ iff (K;s) 1™

path quanti ers

t (K;s) F E” iff there is a path ... 2 Pathsk(s) such that (K;..;0) F ~
t  (K;s) = A iff for all paths .. 2 Pathsk(s) (K;..;0) | ~ holds.

modal operators

t (K;s) F <> iffthereisas’ 2 S with (s;s") 2 R and (K;s') | ~

t (K;s) F [17 iff for all 8" 2 S with (s;s") 2 R, we have (K;s) = ~
t (K;s) fF<:>7 iffthereisa s’ 2 S with (s’;s) 2 R and (K;s") = ~
T (K;s) F [:]~ iff for all 8" 2 S with (s';s) 2 R, we have (K;s")  ~

quanti ers

T (K;s) F9x:” iffthereisa Q S such that (KQ;s) = ~
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(K;s) F8x:” iffforall Q S we have (KQ;s) | ~

(K;s) Fmu x. ~iffs 2 @, where Q is the least set of statesQ S that
satis es the equation Q = fs' 2 S j (KQ;s) = g

(K;s) Enu x. *iffs 2 &, where Q is the greatest set of states Q S
that satis es the equation Q = fs" 2 S j (KQ;s") = "¢






3

Statements, Interfaces and Modules

In the previous chapter, we have described the syntax and semantics of
types, program expressions, and speci cations. The building blocks to model
a hardware-software system are however modules that are described in this
chapter, and their formal semantics is described in the following chapter.

Systems modelled in Quartz can be organized in different les, where each

le consists of a list of modules. The semantics of a le is thereby the seman-
tics of the rst module in the le. The remaining modules in the le are either
used in the rst module or they are dead code. Every module has a name and
the names in one le must be pairwise distinct. If a system is described in
several les, then the names of the rst modules in these les must also be
pairwise different, but the other modules may share the same names. It is a
good practice to use the same name for the les and their rst module and to
place the les that describe one system in a common directory.

There are two kinds of modules: behavioral and speci cation modules.
Speci cation modules are simply a list of speci cations, while behavioral mod-
ules contain the model of the system under consideration. In the following,
we concentrate on behavioral modules.

Modules are viewed similar to hardware circuits in that they describe sys-
tems that read some data streams and generate some other data streams. The
data streams that are read are the inputs and the data streams that are gener-
ated are the output data streams. Since Quartz is a synchronous language, the
data streams have an underlying discrete time, i.e., they are in nite sequences
of values, i.e., essentially functions of type N ¥ fi for some set of values fi.
The temporal behavior of a module is divided into discrete reactions that are
also called macro steps. In each reaction or macro step, the module reads one
data value from all input streams and generates one data value for all output
streams. The computation of the output values from the input values depends
on an internal state of the module that is also updated in a reaction step. To
be more precise, all variables have one and only one value per reaction step,
and also the internal state of a module is uniquely de ned in one reaction
step. Depending on the current input values and the current internal state,
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the reaction of the module determines therefore determines (1) the current
output values and (2) the next internal state for the next reaction step.

This is in total accordance to synchronous hardware circuits that share
the same underlying execution model. In contrast to synchronous hardware
circuits, the reaction steps of a synchronous language like Quartz need not
necessarily be equidistant, i.e., different reaction steps may required a differ-
ent amount of real time. Synchronous language like Quartz do however not
deal with physical time and replace time with a more abstract notion of re-
actions that are viewed as ‘logical time'. Clearly, it is nevertheless possible to
translate a synchronous program to a synchronous hardware circuit which is
much clearer and simpler than for the still prevailing hardware description
languages Verilog and VHDL with their discrete-event based notion of time
(see Chapter 5). The frequency of the clock depends then, as it is always the
case for synchronous hardware circuits, on the length of the longest reaction
step.

If software synthesis is intended, then the length of the longest reaction
step determines again the worst case reaction time. Note that an estimation
in terms of physical time is only possible when the nal processor architecture
and even more the microprocessor itself together with the assembly code is
available. Nevertheless, the use of synchronous languages still offers many ad-
vantages for the design of software systems that have to ful Il given real-time
constraints. The main reason for this is that the number of machine instruc-
tions that can be executed in one reaction step is nite, since synchronous
languages do not allow data-dependent loops in their reaction steps. For this
reason, the nitely many actions of a reaction steps can be mapped to nitely
many machine instructions so that tight estimates of the worst case reaction
time can be obtained.

In all cases, i.e., whether a later software or hardware synthesis is in-
tended, good synchronous programs should have balanced reactions, i.e., the
reactions should have approximately equal execution times which is quite in-
dependent of the nal realization in hardware or software. However, this is
is not a requirement for correct programs, instead, it is rather an issue of
optimization, and therefore we will ignore such issues in the following. For
the ef ciency of synthesized systems, this issue is however very important
and may require to transform an initial system by methods like pipelining or
retiming [9, 52, 68, 80, 81, 130].

In this Chapter, we describe the syntax of modules which includes the syn-
tax of interfaces and the module’s body statement that determines how the
outputs and the next internal state is computed from the current inputs. We
therefore start with the declaration of module interfaces and proceed with
the de nition of statements. To this end, we distinguish between core state-
ments and macro statements. Core statements are used in later chapters to
explain the hardware and software synthesis while macro statements can be
easily de ned in terms of core statements. However, we do not insist to have
a minimal set of core statements, and aim at nding a good compromise be-
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tween a relatively small set of core statements and simple de nitions of macro
statements.

3.1 Modules and Interface Declarations

3.1.1 Interface Declarations

Besides the name, each module has an interface that de nes the input and
output data streams where values are read from and values are written to
in each reaction step. The computation of the output values and the next
internal state is determined by the body statement that is considered in the
next section. The body statement must therefore know the names, types and
further information on the input and output variables. This information is
provided by the declaration of variables in the module’s interface.

The interface consists of the declaration of the variables that hold in each
reaction step the values that are read from input streams and that are written
to output streams. In addition to the names, the interface declaration provides
also for all variables the types, data ow directions, and storage classes. The
available types have already been described in detail in the previous chapter,
so that we only have to add how types are used in the declaration.

Concerning the data ow direction, variables declared in the interface are
classi ed into (uncontrollable) inputs, controllable inputs, and outputs of the
module. To this end, the names of the variables are possibly pre xed as fol-
lows:

T Uncontrollable input variables are not pre xed.
T Controllable input variables are pre xed with ?.
Tt Output variables are pre xed with &.

The body statement of the module can only determine the value of out-
put variables in each reaction step. The values of input variables, regardless
whether they are controllable or not, are determined by the environment. The
difference between controllable and uncontrollable variables is that control-
lable variables are viewed to be under control of the system, but not by the
current module, whether uncontrollable variables are neither under control of
the system nor by the module. The code generation and the semantics of mod-
ules and statements does not distinguish between controllable and uncontrol-
lable variables. This distinction is used for applications of supervisory control,
where it can be checked whether for all uncontrollable input streams, there
are controllable input streams and output streams such that a given speci ca-
tion holds. This is important for debugging where these questions can help to
determine a modulo that can be changed so that a desired speci cation will

nally hold. Supervisory control is a formal method that is a generalization of
formal veri cation.
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Finally, declared variables have either one of the storage classes event or
memorized, which is not relevant for input variables. The storage class deter-
mines the semantics of the generated output data streams as follows: Mem-
orized output variables store their current value unless it is changed by an
action of the module. Event output variables do not store their current value
on their own, and instead are reset to a default value if the module does not
provide a new value in the considered reaction step. For this reason, one may
view input variables having by default the event storage class.

The classi cation of variables into event or memorized ones is very impor-
tant and motivated by hardware circuits: outputs of combinational gates are
not memorized and therefore, these can be modeled with output variables of
event storage class. In contrast, outputs of registers are memorized and there-
fore correspond with the memorized storage class. Programming languages
used for the implementation of software do only know memorized variables
whose default use is for hardware circuit synthesis however too expensive.
The same holds for their use in formal veri cation methods like model check-
ing, where memorized output variables lead to state variables of the consid-
ered automaton or Kripke structure, while event output variables may be sim-
ply de ned in terms of the state variables. The compiler can easily determine
whether it is possible to de ne an event variable in terms of other variables
as will be explained in Chapter 5.

Behavioral Modules

The syntax of the type declarations follows the style that is used in the C
programming language. A general template for a module is as follows, where
the implements ModuleCall is optional:

module Name(decl,, ... ,decl,)
implements ModuleCall {
BodyStmt

}

In the above template, Name is the name of the module and BodyStmt is the
statement of the module that determines its behavior. The Name of a module
may be any identi er that can also be used as a variable as explained in the
previous chapter, but names of variables and modules have to be distinct. Each
decl; is the declaration of one or more variables. These declarations have in
turn the following syntax:

StorageClass is thereby either event or empty which means that the variable’s
storage class is either event or memorized. The type type is speci ed next with
the syntax we have already described in the previous chapter with that for
an array type array(fi,n) only the base type fi is written at this place. The
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remaining declaration consists of a comma-separated list of pre xed names of
the declared variables. As already mentioned above, the names of controllable
input variables and output variables have to be pre xed with the symbols ?
and &, respectively. For array types, the name of the variable is suf xed with
the array dimensions embraced with square brackets.

In the frequent case event bool for the declaration of so-called pure sig-
nals, i.e. variables with storage class event of type bool, it is allowed to omit
the type bool, so that event is an abbreviation of event bool. As an example,
consider the following start of a module:

module M1(int<3> a[8], event &o, nat<5> b, bool ?p, int &r)

This declares a module with name M1 having the arguments in its interface:

Inumber|name type storage class data ow |
lla array(int<3>,8) uncontrollable input
2|0 bool event output
3lb nat<5> uncontrollable input
4\p bool controllable input
5|r int memorized output

Speci cation Modules

The above explanations referred to behavioral modules that are used to model
the system’s behavior. In addition, Quartz also offers speci cation modules
that do not model the behavior of a system, and are used instead to formally
specify the properties that the module should ful Il. The syntax of speci ca-
tion modules is as follows:

spec Name(decly, - .. ,decl,)
implements ModuleCall {
name; : [taski] spec;;

namem : [taskm] specq;

}

Besides the use of the spec keyword instead of module there is only the dif-
ference that the body statement has been replaced with a nonempty list of
speci cations. This list contains entries of a name, a task and a speci cation.
For the names, the rules we mentioned for variables in the previous chapter
apply, and the speci cations are also as explained in the previous chapter. It
remains to discuss the optional task entry, which is as follows:

Tt ProveA: This task means that it has to be checked whether the property
holds for all initial situations.

Tt ProveE: This task means that it has to be checked whether the property
holds for at least one initial situation.
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T DisproveA: This task means that it has to be checked whether the property
is false for all initial situations.

T DisproveE: This task means that it has to be checked whether the property
is false for at least one situation.

Note that the path quanti ers can not be used to distinguish between the
above cases. For example, ProveA: A phi means that it is to be checked
whether in all initial states all paths satisfy the path property phi, while
ProveA: E phi means that it is to be checked whether in all initial states
there is a path that satis es phi. Analogously, ProveE: A phi means that it
is to be checked whether there is an initial state such that all paths starting in
that initial state satisfy the path property phi, while ProveE: E phi checks
whether there is an initial state with a path starting in that state that satis es
phi.

Note that all of the above tasks can be reduced to a standard model check-
ing problem that checks whether all initial states are contained in the set of
states that satisfy the given speci cation (note that I & fg):

T [ProveA] : phi holdsiff I  JphiK.

T [ProveE] : phi holdsiff I 6 JIphiK,, i.e. I \JphiK, & fg.

T [DisproveA] : phi holdsiff I 6 JphiKy.

T [DisproveE] : phi holdsiff I JIphiK,,i.e. I \JphiK, = fg.

Even though the four tasks can be mapped to a standard model checking
problem, it is necessary to distinguish at least two of them so that the model
checker can report a success in all cases, while otherwise a failure would have
to be reinterpreted as a success, which may lead to confusions.

In future versions of Quartz, more tasks will be available. In particular,
tasks for supervisory control and worst case execution time analysis will be
added.

While the meaning of a behavioral module is a state-based function that
maps input values to output values, the meaning of a speci cation module is
to check the tasks that are listed in the module. If the speci cation module
is the rst (or the only) module in a le, then this amounts to prove the
properties for the universal Kripke structure that has one state for all possible
variable assignments, and where all states are connected with each other. A
[ProveA] task will then check the validity of the property, while a [ProveE]
task checks whether the property is satis able. Analogously, [DisproveA] and
[DisproveE] check whether the property is not valid and is not satis able,
respectively.

If the speci cation module is not the rst module ina le, then it is either
dead code or it is called by the rst module of that le. Speci cation modules
can only be called by the implements clause in the header of a module. Dif-
ferent problems are speci ed depending on whether the speci cation module
is called by a behavioral or a speci cation module, as is described in the next
paragraph.
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The Re nement Relation

Finally, the de nition of modules also speci es the ‘implements’ relation be-
tween modules. This relation is a binary relation with the following meaning:
module M; implements module M, iff the following holds:

t If both M; and M, are behavioral modules, then M; implements M,
means that M, is a re ned version of M, or in other words that M, is
an abstraction of M;. Formally, this means that there is a simulation re-
lation between M, and M-, so that M, can simulate each transition of
M.

Tt If My is a behavioral module and My, is a speci cation module, then M;
implements M, means that all tasks listed in M, refer to the Kripke struc-
ture associated with M;. Hence, the resulting problems lead to classic
model checking problems.

Tt If both M; and M, are speci cation modules, then the conjunction of the
properties of M; should imply the conjunction of the properties listed in
M,. The result is therefore a theorem proving task.

t The remaining case, where M is a behavioral module and M; is a speci-

cation module, has not yet been given a meaning.

Simulation relations are very important to reduce the complexity of model
checking problems. It is known that all universal properties (i.e., those with-
out positive/negative occurrences of E/A) that have already been veri ed for
M, do also hold for M. Thus, this can be used for compositional reasoning
and abstract interpretation.

3.1.2 Statements

The semantics of a behavioral module mainly depends on the body statement
that determines how the module will react to given input values. This requires
to compute the output values for the current reaction step together with the
internal state of the module for the next reaction step. The state of the module
consists of the values of memorized outputs and the currently active locations
in the statement. A statement is thereby called active if the control ow cur-
rently rest somewhere in that statement and will proceed with the execution
from that location.

This leads to an important property of statements: There are statements
that are executed in zero time, and others that require several reaction steps
to be fully executed. Statements that are executed in zero time are called
instantaneous. Instantaneous statements form so-called micro steps of the ex-
ecution that are all executed in zero time. A nite number of micro steps is
then collected in a macro step that consists of the code that is executed within
one reaction. Note that the property of a statement to be instantaneous is a
dynamic one since it depends on the current inputs and active control ow
locations.
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|statement comment
actions

X = 3 immediate assignment
next(x) = ¢; delayed assignment
emit x; immediate boolean signal emission
emit next(x); delayed boolean signal emission

assumptions and assertions
assume( ); assumption
assert( ); assertion

wait statements

nothing; empty statement
‘:pause; end/begin of macro step
‘:halt; in nite loop doing nothing
‘rawait( ); wait on condition

‘zawait immediate( ); wait on immediate condition

Table 3.1. Atomic Statements in Quartz

Table 3.1 lists all atomic statements that are available in Quartz. State-
ments that can hold the control ow are labeled with a location variable “ that
Is used to encode the control ow automaton of the statement. The control

ow can rest at these locations so that we can view the location variables as
boolean typed variables with the meaning that these variables are true iff the
control ow currently rests at this location.

There are four action statements that are responsible for modifying the
values of the output variables. All action statements are instantaneous, i.e.,
they are executed in zero time. Moreover, there are two kinds of assignment
statements, namely the immediate assignment x = ¢ ; that modi es the value
of the variable x instantaneously so that x has the same value as ¢,. Hence, the
equation x == ¢ holds in the reaction step where the assignment is executed.
The delayed assignment next(x) = ¢ ; isalso executed in zero time as follows:
in the current reaction step, the expression ¢ is evaluated to a value that will
be the value of the variable x in the next reaction step.

The expression ¢ is thereby an arbitrary expression that must have the
same type as the left hand side of the assignment. We have already discussed
in Section 2.2.6 that it is tolerated by the language that the left hand side may
have too few bits to store the entire value of the right hand side, but except
for different ranges, the types must be the same.

The left hand side x must be one of the following:

a single variable of atomic type
an array access

a bitvector slice/bit

a tuple component access

—+ —+ —+ —+
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Therefore, assignments can be used to change all parts of a variable of an
arbitrary type. The remaining action statements emit x; and emit next(x);
are syntactic sugar and are retained for historical reasons: emit x; abbrevi-
ates x = true; and emit next(x); abbreviates next(x) = true;, where it
is moreover required that x is a boolean variable with storage class event.

Assumptions and assertions do neither modify output variables nor do they
in uence the control ow. The statement that would be obtained by removing
assumptions and assertions will be equivalent. An assumption assume( );
with a boolean expression is executed in zero time and simply tells the com-
piler that it can believe that the condition holds in this macro step. In con-
trast to this, an assertion assert( ); instructs the compiler to check whether
the boolean condition  holds in the current macro step. The compiler col-
lects all assertions and assumptions and generates corresponding veri cation
problems.

Some previous versions of Quartz moreover contained the requirement
statement now( ). Similar to assume( ), also the statement now( ) states
that the programmer states here that the condition holds. However, now( )
eliminates all states (and related transitions) that violate that condition, while
assume( ) retains these unwanted states. In Quartz 2.0, this distinction is
no longer made, and instead, a different use of assumptions is proposed in
code synthesis or model checking: Code synthesis may generate observers,
and model checking can remove the unwanted states as it was formerly the
case with the now statement.

The remaining atomic statements concern the propagation of the control

ow. nothing is the empty statement, which does neither modify the pro-
gram'’s variables nor does it stop the control ow (hence, it is instantaneous
just like the actions, assumptions and assertions). The pause statement is very
important: it denotes the end of the current macrostep and the beginning of
the next macro step. If “:pause is executed in the current macro step, then
the execution of the current macro step is completed and the execution will
proceed in the next macro step from location “. The statement “:halt stops
the program’s execution by entering an in nite loop of pause statements, so
that we de ne the semantics of “:halt as loop *:pause.

The await statements depend on a boolean condition . As the name sug-
gests, the statement intuitively waits at the await statement until the boolean
condition  holds. In more detail, consider rst the immediate variant: if
‘zawait immediate( ); is executed, it is checked whether holds in the
current macro step. If  holds, then the execution can proceed with further
micro steps, so that the statement behaves as nothing. Otherwise, if does
not hold, the execution is stopped and the control ow is caught at the await
statement for the next macro step. At the next macro step, the execution starts
then again by executing “:await immediate( ), so that the control ow waits
at this location until  holds.

The delayed variant “-await ( ); differs as follows: if “zawait ( ); is
executed in the current macro step, the control ow is stopped independent



42 3 Statements, Interfaces and Modules

of the value of . That is, it is not checked whether holds or not, instead,
“zawailt ( ) behaves like “:pause when started. In the next macro step, the
immediate wait statement “:await immediate( ); is then executed, so that
the control ow waits in location “ until the condition holds. Below, we
will de ne “zawait ( ); asamacro fordo ‘:pause; while(! ) and analo-
gously, “zawait immediate( ); as a macro for while(! ) “:pause;, which
succinctly explains the differences.

Table 3.2 shows the compound statements of Quartz, which are statements
that are constructed by already existing statements. The rst group of state-
ments are conditional statements that execute one or the other substatement.
The conditional (if-else) statement is typical for every imperative program-
ming language. Depending on the value of in the current macrostep, the
conditional statement 1f( ) S; else S, either S; or S, is immediately ex-
ecuted. That is, the condition is evaluated in zero time with the variable
assignment of the current macro step, and if the result is true, then the state-
ment S; is immediately started, otherwise S, is immediately started. Hence,
depending on the evaluation of , 1f( ) S; else S, behaves either as S; or
S,. The variant if( ) S; is an abbreviation for if( ) S; else nothing;.

The choose statement chooses nondeterministically at runtime whether S;
or S, is executed. Hence, it behaves either like S; or S,. Note that hardware
and software synthesis is not directly possible for nondeterministic statements
like the choose statement as will be discussed in detail in Section 3.4.7.

The switch statement is a multiple case selection. The meaning is that the
boolean conditions ; of the case clauses in the statement are checked one
after the other. The rst substatement S; whose boolean condition ; holds
is then executed. If none of the boolean conditions hold, then the mandatory
statement after the else clause is executed.

The next group of statements is concerned with the the sequential and
parallel control ow: Writing statements in sequence S; S, is interpreted as
sequential execution which is as follows: S; is immediately started when the
sequence S; S is started. Then, we have to distinguish two cases:

T If the execution of S; is instantaneous, then also S, is started in the same
macro step.

T If the execution of S; takes time, then the control ow will stop at some lo-
cations inside S; and will proceed with the execution from those locations
at the next macro step. It can be the case that S; will never terminate so
that S, is never started. Otherwise, S, is started in the macro step where
S; terminates.

Synchronous languages like Quartz are concurrent languages which is rst
due to the concurrent execution of the micro steps in one macro step, and sec-
ond due to the availability of statements for the execution of parallel threads.
In Quartz, we have three parallel statements: S; k S, denotes the synchronous
parallel execution of S; and S,. If S; k' S, is started, we start both S; and S,,
and proceed with the concurrent execution of both statements. If the execu-
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conditional statements
if( ) S: conditional statement
if( ) Sy else S, conditional statement
choose S; else S; nondeterministic choice
switch case statement
case( 1) do Si
case( n) do Sp
else S
sequential and parallel control ow
S1 S sequential execution
S1 k'S and S18&S;3 synchronous parallel execution
S1 9 S, and S1&88S; asynchronous parallel execution
S1j Sz and S18S» interleaved parallel execution
generic sequential and parallel control ow
sequence(fi x=¢ .... where ) S generic sequence
parallel(fi x=¢.... where ) S generic synchronous parallel statement
async(fi x=¢ .... where ) S generic asynchronous parallel statement
interleave(fi x=¢.... where ) S generic interleaved parallel statement
loops

do S while( ); do-loop
while( ) S while-loop
loop S in nite loop
“zloop S each( ); triggered in nite loop
(“1;“2):every( ) S triggered in nite loop

abortion
weak abort S when immediate( ); weak immediate abortion
weak abort S when( ); weak abortion
abort S when immediate( ); strong immediate abortion
abort S when( ); strong abortion

suspension
“:weak suspend S when immediate( ); weak immediate suspension
weak suspend S when( ); weak suspension
“zsuspend S when immediate( ); strong immediate suspension
suspend S when( ); strong suspension

exceptions
throw e; throw exception e
try(e) S catch(e) Se declare and catch exception e

miscellaneous

{fi X1;:::;Xn; S} local declaration
let(x=¢) S let-abbreviation
during S; do S2 during statement
C:name(i1;::iiéin); module instantiation
{S} statement block

Table 3.2. Compound Statements in Quartz
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tion of both S; and S; is instantaneous, then also S; k S, instantaneously
terminates and further micro steps can be executed in the current macro step.
Otherwise, the execution of S; k S, takes time. As long as the control ow
rests at locations somewhere inside both S; and S,, both threads are exe-
cuted in lockstep. If S; terminates, but S, does not, then S; k S, behaves
further as S, does (and vice versa). If nally S, terminates, then S; k S, also
terminates.

Note that the synchronous parallel execution S; k S, is a deterministic
statement which is remarkable for concurrent languages. In contrast, the
asynchronous parallel execution S; 9 S, behaves at starting time exactly as
S;1 k'S,, and if at least one of S; or S, is instantaneous, then there is still no
difference. However, if both threads S; and S, are active, then it is possible
that the control ow executes both threads in lockstep (as in case of S; k S5),
or that only S; is executed, but S, is not further executed, or vice versa that
S, is executed and S; is suspended. Hence, the statement is nondeterministic
in this case.

The interleaving statement S; j S, is also nondeterministic when both
threads hold the control ow. However, instead of having the choice to ex-
ecute either one of S; or S, or both, the interleaving statement S; j S, does
not have the freedom to execute both threads. Instead, it executes exactly one
of the active threads S; and S, as long as both are active.

The conjunctively active variants S;&&S,, S;1888S,, and S;1&S, differ in
that these statements terminate as soon as the rst thread S; terminates
(while S;1 kS,, S19S,, and S; j S, terminate when the last of the two
threads terminates). Therefore, S;8&8S,, S1&8&S,, and S;&S, are called con-
junctively active statements, while S; kS;, S19S,, and S;J S, are called
disjunctively active parallel statements. As long as both threads are active,
there is no difference between these variants.

For the sequential and the parallel execution statements, there are also
generic versions that are listed in the next group of statements in Table 3.2.
These statements instantiate their body statement S with those values ¢ ,. . . ,..
that satisfy the boolean condition , and the obtained statements are com-
bined with the corresponding sequential or parallel operator. The where
clause with the boolean Iter condition is optional. Note that the sequence
operator as well as all parallel statements are associative, so that for the def-
inition of the semantics, it does not matter how the associativity is de ned.
Nevertheless, for parsing a de nition is necessary as given below.

The next group of statements are different kinds of loops. The do S
while( ); loop starts S at starting time. The execution of S must not be
instantaneous, since otherwise a macro step with in nitely many micro steps
would be generated. Of course, S may never terminate. However, if S termi-
nates at some point of time, then it is checked in that macro step whether
holds. If this is the case, then the loop is restarted, otherwise the loop also
terminates.



3.1 Modules and Interface Declarations 45

The while( ) S statement differs in that the loop condition is checked
at starting time and the statement instantaneously terminates if the result is
false. Otherwise the semantics is the same asdo S while( );. Hence, we can
de newhile( ) Sasif( ) do S while( );.Thein niteloop loop S can
be de ned aswhile(true) S, sothatitin nitely often iterates the statement
S.

The triggered loop “:loop S each( ); starts S if the loop is started.
If during the execution of S the condition holds, then S is aborted and
restarted. Otherwise, it may be the case that S will never terminate, or that it

nally will terminate. If S terminates, then the statement waits until  holds,
and as soon as this is the case, the entire statement is restarted.

The every statement (“1; o) -every( ) S differsfrom “zloop S each( )
in that at starting time, the statement rst waits on , i.e., we can de ne the
every statement as an abbreviation of “;:await( ); “2:loop S each( );.
There are also immediate variants “zloop S each immediate ( ); and the
corresponding (“1; “2):every immediate ( ) S.

The next two blocks are different variants of suspension and abortion
statements: abort S when( ) immediately enters S at starting time (regard-
less of the current value of ). If the execution of S is instantaneous, so is the
execution of abort S when( ). Otherwise, the control ow is caught some-
where inside S for the execution in the next macro step. However, if in the
next macro step, the condition holds, then the execution of S is aborted and
abort S when( ) terminates. Hence, S is started and then executed as long
as is0.

The immediate variant abort S when immediate( ) differs in that the
condition is already evaluated at starting time. If  holds at starting
time, then the entire statement behaves like nothing, otherwise it is the
same as abort S when( ). Hence, we can de ne the immediate variant as
if( ) nothing; else abort S when( ).

The ‘weak’ variants of abortion differ on the data actions at abortion time:
While the strong variants ignore all data manipulations at abortion time, all of
them are performed by the weak variants. Note that this also holds for assume
and assert statements. Note further that the control ow of the weak and
strong variants is the same; only the data ow at abortion time is different.

Similar to abort S when( ), the statement suspend S when( ) imme-
diately enters S at starting time (regardless of the current value of ). If the
execution of S is instantaneous, so is the execution of suspend S when( ).
Otherwise, the control ow is caught somewhere inside S for the execution in
the next macro step. However, if in the next macro step, the condition holds,
then the execution of S is suspended and the execution proceeds at the next
macro step from the locations that were active at the previous macro step.
Hence, S is suspended whenever holds, except for the macro step where
the statement is started.

Analogous to the immediate abortion, the immediate variant of the sus-
pension statement suspend S when immediate( ) differs in that the con-
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dition is already evaluated at starting time. If  holds at starting time,
then the entire statement behaves like *:pause, otherwise it is the same as
suspend S when( ). Note that the immediate form introduces another con-
trol ow location that does not exist in the delayed version.

The weak variants of suspension differ in those macro steps where the
suspension takes place: Whenever holds, the data actions are all executed
in the weak version, while none of them are executed in the strong suspension
statements.

Suspension and abortion statements are often called preemption state-
ments, since the control ow of their body S can be preempted when the
preemption condition holds. The exception handling statements are dis-
cussed in detail in Section 3.4.8.

type and storage class (event or memorized) is given by the declaration fi,
and the scope is the body statement S. The meaning of the statement is the
meaning of S, however, with the additional knowledge of the local variables.

are shadowed if already variables of this name exist outside the scope. How-
ever, shadowing is a bad feature, so that it is recommended for compilers to
forbid this feature.

The abbreviation statement let(x=¢) S has the meaning that all occur-
rences of the variable x in S can be replaced by the expression ¢. Hence, x
abbreviates ¢ in S and therefore allows one to abbreviate large expressions
by variables with hopefully self-explanatory names. If common expressions
are shared, there is no reason to not replace the occurrences of x by ¢ before
compilation.

The statementduring S; do S; starts S; at starting time. If the execution
of S; is instantaneous, then during S; do S, is the same as S;. Otherwise,
in each macro step of S; after starting time the instantaneous statement S is
executed except for the termination time of S;. For example, the during state-
ment can be used to express invariants in that S, is an assertion statement.
As already mentioned, S, must be instantaneous, and this must be statically
checkable, which means that S, must not contain any statement that contains
location variable.

Quartz modules can be instantiated in statements by the module call
C :name(¢1;:::;¢én). This means that the body statement of module name is
executed with the replacements of the expressions ¢; for the input and output
variables that were used in the declaration of module name with the following
restrictions:

T Arbitrary expressions can be used to replace input variables as long as the
corresponding types match (except for a different range as explained in
Section 2.2.6).

Tt Output and local variables of the current module can be used to replace
the output variables of the called module as long as the types are the same.
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Note that module de nitions and module instantiation are comparable to
class de nitions and object instantiations as used in many object oriented
languages. In particular, one and the same module can be instantiated many
times and different expressions can be used for these instantiations. The op-
tional name C can be used to distinguish the different instantiations.

| priority| statement operator |
1 |unary operators: if( ), while( ), loop
2 &&
3 &&&
4 &
5 k
6 9
7 j
8 sequences
9 local declarations
10 else, each

Table 3.3. Precedences of Statement Operators

Finally, the statement block {S} is used to break the precedences of the
in X statement operators that are listed in Table 3.3. Unary operators are
thereby all statement operators (possibly containing an expression) that are
applied to a single statement. In particular, 1f( ), while( ), loop, and
generic sequences and concurrency statements are unary statement opera-
tors. The in x operators &&, &&&, &, k, 9, j, and the sequence operator have
the priorities as listed in Table StatementPrecedencesTable. There is no need
to discuss priorities of the other statement operators, since these have tex-
tual start and end parts so that the operand statements are unambiguously
determined.

As an example, S;; S, k Sz is parsed as S;; TS, k S3g, so that delimiters
are required for the statement S1; S,g k Sa.

Moreover, the language suffers from the ‘dangling else’ and ‘dangling each’
problem for conditionals and loop ...each statements, which are solved as
usual: an else branch refers to the rst upper if statement such that there
is neither an else-branch in between. Analogously, an each part refers to the

rst preceding loop S that is not closed by another each part. In case these
rules should be in con ict, the innermost one has precedence.

The concrete syntax is given in Appendix A.1 that contains the precise
speci cation of a lexer and parser for the Quartz language.
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3.2 Semantic Problems

Synchronous languages like Quartz suffer from special problems that have
to be handled by the compilers. In this section, we informally present these
problems to introduce the notions of schizophrenia and causality that are
considered in more detail in the following chapters.

3.2.1 Schizophrenic Statements

Schizophrenic statements are statements that have several active instances at
the same macro step. This may happen only if the statement is contained in
a loop, since it is required to restart the statement at termination or abortion
time. If the statement is contained in n nested loops, it may even be the case
that n instances exist at the same point of time, for example, if all of the loops
are restarted and aborted at the same point of time.

As variables have a uniquely determined value for each macro step, it is
seems not to be problematic if one and the same statement is started several
times in the same macro step. However, the scopes of the local variables are
entered and left in micro steps of the execution, so that the different instances
of the schizophrenic statement may have to consider different scopes of local
variables. This leads to the notion of so called reincarnations of local variables.

module Schizophrenic(event &x0,&x1,8&x2,8&x3) {

loop {
event x;

if(x) emit x1; else emit x0;
assert(!'x);

pause;

emit X;

iITf(x) emit x3; else emit x2;
assert(x);

Fig. 3.1. Schizophrenic local declaration

As an example, consider the module given in Figure 3.1. This module has
only one control ow location which is the pause statement in its loop body.
If the execution proceeds from that location, it emits the local variable X,
so that the following conditional statement emits x3. Clearly, the assertion
assert(x) holds. However, as the loop body terminates, also the scope of
the local declaration is left, and the loop body is restarted due to a new loop
iteration. For this reason, a new scope of the local declaration statement is
opened, and a new incarnation of the local variable x is generated. Hence,
there are now two instances of the local variable x: one living in the scope
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of the previous loop body, and another one living in the scope of the new
loop body. While the older incarnation is true, the new one is false, so that
the incarnations have different values. Hence, also the assertion assert(!x)
holds, which is not a contradiction, since the two assertions refer to different
incarnations of x.

A program with multiple schizophrenic instances is shown in Figure 3.2.
When started, the control ow occupies the three locations el l0, ell1, ell2,
and el 13 and no signals are emitted except for y000. At the next point of
time, a lot of micro steps are executed:

t  The local variables x1, x2, and x3 are emitted by the three threads that
start from locations elll, ell2, and ell3, respectively. The innermost
loop iterates and executes the switch statement that therefore emits y111.
This thread aims at stopping at location el 10, but is aborted as will be ex-
plained next.

T Since x3 holds, the weak abort statement with abortion condition x3
aborts its body statement. As this weak abort statement is contained in
a loop, the loop body is restarted, so that a new scope of x3 is generated.
This thread then stops at locations el 13 and el 10 after having again exe-
cuted the switch statement that emits this time y110.

Tt Concurrently, the weak abort statement with abortion condition x2 aborts
its body statement, and the surrounding loop body is restarted, so that
new scopes of x2 and x3 are generated. This thread then stops at loca-
tions ell2, ell3 and el 10 after having once more executed the switch
statement that emits this time y100.

T Finally, the weak abort statement with abortion condition x1 also aborts
its body statement, and the surrounding loop body is restarted, so that
further new scopes of x1, x2 and x3 are generated. This thread then stops
at locations ell1, ell2, el13 and el l0 after having once more executed
the switch statement that emits this time y000.

Hence, after the starting point of time, the signals y000, y100, y110, and y111
are emitted, while the other outputs are never emitted. The local variables x3,
x2, and x1 have three, two and one incarnations that concurrently exists with
the incarnation of the old scope.

Schizophrenic statements are not a big problem. The semantics and the
compilation techniques that are described in the following chapters all cope
with this issue. In particular, schizophrenia problems can be easily solved by
generating copies of internal data structures that are used for compilation like
hardware gates or nodes in a data ow graph. Moreover, the blow-up that
occurs due to these necessary copies is polynomial: We will see in the later
chapters that a quadratic blow-up suf ces. This quadratic blow-up is obtained
only with extreme examples like the one of Figure 3.2, and does seldom occur
in practice.

Hence, schizophrenia problems are neither a problem for state-of-the-art
compilers nor for the de nition of the language’s semantics. However, pro-
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module Gonthier02(event &yl111,&y110,&y101,&y100,
&y011,&y010,&y001,&y000) {

loop {
event x1;
weak abort
{
elll:pause;
emit x1;
}
1|
loop {
event x2;
weak abort
{
ell2:pause;
emit x2;
}
1
loop {
event x3;
weak abort
{
ell3:pause;
emit x3;
}
I
loop {
switch
(Ix1 & 'x2
(Ix1 & ™x2
(Ix1 & x2
(Ix1 & x2
(x1& x2
(x1 & X2
(x1& x2
(x1& x2
else nothing;
ell0:pause;
}
when(x3);
}
when(x2);
}
when(x1);
}

}

R0 RO RO Ro Ro RO RO Ro

1x3)
x3)
1x3)
x3)
1x3)
x3)
1x3)
x3)

Fig. 3.2. Multiply schizophrenic local declaration

do
do
do
do
do
do
do
do

emit
emit
emit
emit
emit
emit
emit
emit

y000;
y001;
y010;
y011;
y100;
y101;
y110;
y111;
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grammers must be aware of schizophrenia problems that might sometimes be
confusing.

3.2.2 Causality

Besides schizophrenic statements, causality problems are a major burden for
compilers of synchronous languages. Intuitively, causality cycles are obtained
when an action instantaneously changes its precondition by its execution.
Since the effect of the action must be instantaneously observed, we may end
up with a contradiction to its precondition. Compilers for synchronous lan-
guages must be able to analyse the causality of programs to avoid that the
generated systems suffer from runtime problems like deadlocks.

There are different equivalent interpretation of causality in terms of con-
structive logic, stability of asynchronous circuits with combinational cycles,
and the existence of dynamic schedules as we will discuss in later chapters
[15]. Moreover, the de nition of causally correct programs depends on the
de nition of the semantics of the programs that can be changed to some ex-
tent [22, 119, 122, 123]. Of course, only modi cations of the de nition of
causality make sense that have equivalences in constructive logic, in asyn-
chronous circuits, and dynamic schedules. We will discuss possible choices of
the semantics in the next chapter, the relationship to hardware circuits in the
chapter on hardware synthesis, and the relationship to dynamic schedules in
the software synthesis chapter.

Causality problems are best explained by some simple examples. To this
end, we use example programs given in the literature like in particular in
[15] and [22]. These programs do only make use of boolean typed variables
of event storage mode, but, of course, causality is also an issue for other
outputs. To start with, consider the programs given in Figure 3.3.

Module P01 has no particular problem. Note however, that even though
all of the three conditional statements are instantaneous, and are therefore
executed at the same time, it is necessary to read (and execute) the statements
in the given order: If input 1 is present, then we emit o1, and therefore we do
neither emit 02 nor 03. Otherwise, if input 1 is absent, then we do not emit
0l, and therefore we do emit both 02 and 03. Hence, even though the micro
steps are executed in the same macro step, there is still an order de ned on
them that is determined by their data dependencies.

The data dependencies of module PO1 follow the order of the conditional
statements as listed in the program. If the conditional statements in the se-
quence would be rearranged, we still would have the same unique behavior
from a logical point of view. However, it would no longer be the case that we
could execute the program from top to bottom. Instead, we would still have to
execute the conditional statements in the order given in module PO1. We will
later see that the rearranged conditional statements may not be causally cor-
rect (this depends on the de nition of causality), while the order given in PO1
is causally correct. Finally, we remark that using a parallel statement would
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module POl(event i,&01,8&02,803) {
if(i) emit ol;
if(lol) emit 02;
if(02) emit 03;

}

module PO2(event &01,&02) {
emit 02;
if(ol) {
if(02) pause;
emit ol;

}
}

module PO3(event &o) {
if('o) emit o;
}

module PO04(event &o) {
if(o) emit o;
}

module PO5(event &01,&02) {
if(ol) emit 02;
if(102) emit ol;

}

module PO6(event &ol,&02) {
if(ol) emit 02;
if(02) emit ol;

}

Fig. 3.3. Simple Causality Problems (Part | of II)

allow us to use any ordering of the conditional statements. For this reason, se-
quences and parallel statements are even different if the used substatements
are instantaneous.

Module P02 de nitely rst emits 02. However, the conditional statement
then asks whether ol holds, which is unclear at that stage, and for this rea-
son, module P02 may be viewed as causally incorrect. Looking forward into
the branches of the conditional statement, we see however that o1 can not be
emitted in the rst macro step, since the presence of 02 catches the control

ow at the pause statement. Therefore ol is not present so that the condition
statement executes its empty else branch. Module P02 is therefore instanta-
neous and behaves like emit 02.

Module P03 is the smallest module with a causality con ict that leads to a

paradoxon: When the conditional statement is executed, it is unclear whether
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o holds or not. However, if we make a case distinction and rst speculate that
0 may be false, we would execute emit o, and therefore o would be true. In
the remaining case, where we assume that o is true, we would not execute
emit o, and as there is no emission of o0 and o has an event storage mode,
o would be false. Hence, module P03 does not have a logically consistent
behavior which must be forbidden to achieve deterministic programs.

In contrast to module P03, module P04 has two logically consistent behav-
iors: If we assume that o is false, then we do not execute emit o, which is
consistent with our assumption. Otherwise, if we assume that o is true, then
we do execute emit o, which is also consistent with our assumption. Hence,
module P04 has two consistent behaviors, which must be forbidden to achieve
deterministic programs.

Modules P05 and P06 are similar to modules PO3 and P04, respectively:
Module P05 has no logically consistent behavior, while module P06 has the
two logical consistent behaviors that satisfy the formula 01 <-> 02.

Module PO7 does not have a consistent logical behavior: If we assume that
o would be true, we would have to stop at the pause statement, and therefore
we would not emit o, so that the assumption that o is true would be wrong.
If we instead assume that o would be false, we would execute emit o which
makes o true. Hence, P07 does not have a consistent logical behavior.

Module P08 is a bit more complex and shows that programs can be log-
ically correct only for some inputs: Consider rst the case where 1 is false.
Hence, the rst thread of the body of the abort statement stops at the pause
statement, so that emit ol is not executed. The second thread asks whether
0l holds or not, which is unclear at that stage, so that we have to distinguish
two cases:

t Assume rst that ol would be false. Then, we do not execute emit 02,
and therefore both 0l and 02 are false. The second thread terminates, and
the rst one resumes its execution in the next macro step by executing
emit ol, which is once more executed after the abortion statement.

t  Now assume that ol would be true. Then, we execute emit 02 in the
second thread, and therefore both 0l and 02 are true. Since 02 is present,
the abortion takes place, so that the control ow does not stop at the
pause statement, and instead the emit 0l statement after the abortion is
executed which makes our assumption consistent.

Hence, if 1 is false, we have two logically consistent behaviors that satisfy
the formula 01<->02. As we are interested in deterministic programs, this
must be forbidden by the semantics of the language (as described in the next
chapter). It remains to consider the case where i is true. In this case, the

rst thread executes emit o0l, so that also ol is true. Therefore, the second
thread emits 02, so that the parallel statement terminates. At the same time
it is also aborted, but since the abortion is weak, the emissions remain valid.
The further emission of 01 does not harm the semantics in this case. Hence,
module P08 has a causally correct behavior iff i is true.
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module PO7(event &o0) {
if(o) pause;
emit o;

}

module PO8(event 1i,&01,&02) {
weak abort {
{
if('i) pause;
emit ol;
}
I
if(ol) emit o02;
} when immediate(02);
emit ol;

}

module P09(event &01,&02) {
if(ol) emit ol;
I
if(ol)
if(02) nothing;
else emit 02;

}

module P10(event &o0) {
if(o) nothing;
emit o;

}

module P1l(event &o01,&02) {
if(ol) {
emit 02;
if(02) pause;
emit ol;
}
}

module P12(event &o0) {
if(o)
emit o;
else
emit o;

Fig. 3.4. Simple Causality Problems (Part 11 of 11I)
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Module P09 has a unique logically consistent behavior: If ol is false, noth-
ing is emitted, so that both 01 and 02 are false. If we would assume that o1 is
true, then we would have to execute the nested conditional statement, which
leads to a contradiction as explained in the discussion of module P03. Module
P09 is therefore interesting since it asks whether we want to allow a module to
hide incorrect statements.

Module P10 has clearly the unique logical behavior that is equivalent to
emit o. This module is one of the modules to show different notions of causal-
ity. There is a strict notion of causality that would argue that P10 is not correct,
since the conditional statement asks for o at a situation where we have not
yet seen an emission of that signal. However, with a bit more intelligence, the
compiler will see that the conditional statement is in all cases instantaneous,
and therefore emit o is executed independent on the execution of the then-
or else-branch of the conditional statement.

The unique possible behavior of module P11 is that both ol and 02 are
false, so that the module is equivalent to nothing. If o1 would be true, we
would also emit 02, and therefore the control ow would be stopped at the
pause statement. However, then we do not have an emission of ol, so that
01 must be false, which contradicts our assumption. P11 is again a program
that has a unique behavior that is however only seen by speculation, which is
extremely expensive (exponential) for many variables.

Module P12 is again a module that is used to discuss different notions
of causality. A strict de nition would forbid the program, since it also has to
speculate when executed in the strict program order. However, a simple log-
ical simpli cation shows that o is emitted independent on whether the then-
or the else-branch of the conditional statement is executed, and therefore the
unique behavior of P12 would be viewed as causally correct.

Modules P13 up to P19 will be discussed later on in more detail, since they
also discuss subtle differences on the notion of causality. We therefore only
brie y list what their logical behavior is: Module P13 has the single unique
behavior that both 01 and 02 must be false, since the assumption that one
of these signals would be true can not be justi ed since the program can not
execute a emission for that output. For similar reasons, P14 has the single
unique behavior that both 01 and 02 must be false.

Module P15 clearly rst emits 02. However, then we have to speculate
whether o1 holds or not. Since, we already known that 02 is true, we can see
that emit ol can never be executed. Whether speculation on the value of ol
Is necessary or not depends on subtle de nitions of the semantics as we will
discuss in the following chapter.

The logical behavior of module P16 is clear: o0 must be false, since the con-
dition for executing emit oiso&!o which is not satis able. However, checking
the satis ability of formulas is expensive, and therefore we have to nd other
arguments to determine the behavior of P16 (as will be explained in the next
chapter).
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module P13(event 1i,&01,&02) {
if(i)
if(ol) emit 02;
else
if(02) emit ol;
}

module Pl4(event &01,&02) {
if(ol) emit 02;
pause;
if(02) emit o1;

}

module P15(event &o01,&02) {
emit 02;
if(ol)
if(102) emit ol;
}

module P16(event &o) {

if(o)
if(lo) emit o;
}

module P17(event &o01,&02) {
if(ol) {
emit 02;
iT(102) emit ol;
}
}

module P18(event &01,&02) {
if(ol) {
emit 02;

I
if(1o2) emit ol;

}
}

module P19(event &o01,&02) {
if(ol) {

emit 02;

1
if(02) emit ol;

Fig. 3.5. Simple Causality Problems (Part 11 of I1I)
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The situation is similar for module P17: The unique behavior is that neither
0l nor 02 is emitted, since the preconditions to execute emit ol and emit 02
are 01&'02 and ol, respectively, which can not be satis ed by other variable
assignments. The same arguments (and even the same preconditions) apply
for module P18. Then changed condition of the second conditional which
leads to module P19 allows two behaviors that satisfy 01 <-> 02.

As can be seen by the above examples, the analysis of the behavior of
synchronous programs can become rather complex due to the instantaneous
reaction. The semantics of the language has to incorporate some means to
check the causality of programs in a ef cient way. We will de ne this in detalil
in the next chapter where the formal de nition of the semantics is presented.
There is some freedom for the de nition of causally correct programs that
also determines whether certain logical simpli cations are valid. In general,
causal correctness clearly depends on the syntax of the program, so that most
programs can be easily rewritten to become causally correct.

3.3 Core Statements

In the previous section, we have discussed all the available statements of the
Quartz language. With minor exceptions, these statements are similar to the
statements that have been de ned in the Esterel language. Many of the state-
ments can be expressed in terms of other statements, so that a lot of syntactic
sugar is contained in the set of statements. The syntactic sugar is important to
express directly what is meant by the programmer, but it makes the following
explanations of the formal semantics as well as the hardware and software
synthesis more complicated than necessary.

For this reason, we de ne in this section the set of core statements that will
be considered throughout the remaining chapters and sections. Statements
that are not core statements are called macro statements, since the semantics
of macro statements is de ned as the semantics of a core statement that is
used to de ne the macro statement.

However, it is not desired to work with a minimal set of core statements.
Indeed, the set of core statements that is listed below contains still a lot of
redundancy as will be explained later on. For example, it is not required to
retain all of the four versions of the abortion or suspension statements. How-
ever, by considering the four variants in the following sections, their differ-
ences become more visible and clear.

Finally, we do not add the nondeterministic statements like the choose
statement or the asynchronous or interleaving parallel statements to the core
statements. Although these statements can not be replaced by equivalent de-
terministic statements, it is possible to do so when additional (controllable)
input variables are added. In many languages including Esterel, such variables
are called oracle variables.
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Having these comments in mind, the core statements of Quartz are given
in the following de nition below:

De nition 3.1. [Core Statements of Quartz] The set of core statements of
Quartz is the smallest set that satis es the following rules, provided that S, Sq,
and S, are also core statements of Quartz, “ is a location variable, X is a local
or output variable, is a Boolean expression, and fi a type:

X = ¢ and next(x) = ¢ (immediate/delayed assignment)
assume( ); (assumption)

assert( ); (assertion)

nothing (empty statement)

‘. pause (consumption of time)

if( ) S; else S, (conditional)

S1; S, (sequence)

S1 k' Sy (synchronous concurrency)

do S while( ) (iteration)

Tfi X; Sg (local declaration)

during S; do S, (invariant action)

abort S when( ) (abortion)

weak abort S when( ) (weak abortion)

abort S when immediate( ) (immediate abortion)

weak abort S when immediate( ) (weak immediate abortion)
suspend S when( ) (suspension)

weak suspend S when( ) (weak suspension)

suspend S when immediate( ) (immediate suspension)

weak suspend S when immediate( ) (weak immediate suspension)

—+ —+ —+ + + —+ + + —+ —+ —+ —+ —+ —+ —+ — —+ — —+

As already mentioned, the set of core statements is not minimal. Surprisingly,
even the pause statement can be expressed by other statements as for example

as follows: 2 3
abort
‘zsuspend
‘Ipause : - nothing;
when immediate(true)
when(true)

Also the immediate preemption statements can be easily expressed by their
delayed variants as follows:

T abort S when immediate( )

;- 1T( ) nothing; else abort S when ( );
t  “:suspend S when immediate( )

;- while( ) “:pause; suspend S when ( );

Hence, we see that the set of core statements is not minimal, and could be
reduced if wanted. However, to make the differences of the various kinds
of preemption statements clearer, we retain all of them in the set of core
statements.
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3.4 Macro Statements

In the previous section, we have de ned the core statements and stated that
the remaining statements can be de ned in terms of the core statements. In
this section, we list those de nitions that are very simple. For some other
statements, however, we need global transformations to adapt the context of
the statement. In particular, the nondeterministic statements require the intro-
duction of controllable inputs (oracles). For this reason, we describe the more
complex macro statements in the following subsections. Also the transforma-
tion of the exception handling statements try(e) S; catch(e) S, requires
to consider the context of the statements, so that their translation requires a
full pass over the syntax tree. Finally, we consider moreover also statements or
concepts that have not been listed in Table 3.2, but that have been previously
used or that are still used in the Esterel language.

3.4.1 Simple Macro Statements

In this section, we list some simple de nitions of macro statements in terms
of the core statements listed in De nition 3.1. Most of these statements are
also used by the Esterel language:

T emit x:- x = true

emit next(x) :- next(x) = true

“zhalt:- do “:pause; while(true)

zawalt( ) :- do “:pause; while(! ) or alternatively,
“zawait( ) :- abort “:halt; when( )

T “-await immediate( ) :- while(! ) “:pause; or alternatively,
‘zawait immediate( ) :- abort “:halt; when immediate( )

T if( ) S:- if( ) S else nothing;

switch »
if S
case( 1) do S, glls)e ) S
case( ;) do S, 2) =2

.'.
.‘.
.'.

T - :

) else if( ) Sh

case( n) do S, olse S

else S

t while( ) S:- 1f( ) do S while( )
T loop S:- do S while(true)
T “zloop S each( ):- loop abort S ‘:halt when( )
T (“1;%2):every( ) S:- “jzawait( ); “»:loop S each( )
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The ‘correctness’ of the above de nitions should be clear. The difference be-
tween the immediate and delayed versions of the await statement should
now also become clear.

Many more simple macro statements can be thought of and whenever they
are frequently used, it makes sense to add such new statements. A simple way
to introduce preliminary macro statements is to use text preprocessors like
cpp or m4.

3.4.2 Let-Abbreviations

We have already explained on page 46 that abbreviations let(x=;) S can be
eliminated by replacing all occurrences of the variable x by ¢, in S. If common
expressions are shared, this is the most ef cient way to eliminate the state-
ment. Otherwise, an alternative to eliminate the statement by a local variable
declaration is as follows:

{fi x;
X=¢ ;
during

let(x=¢) S:- S

do Xx=¢;

X=¢ 5

}

This means that during the execution of S including starting and termination
points of time, the variable x has always the same value as the expression ¢, .
Therefore, x is an abbreviation of ¢, which is the original meaning of the state-
ment. Note that for the local variable x, the event storage mode is suf cient,
so that no memory is required for this variable.

3.4.3 Conjunctively Active Parallel Execution

The different forms of parallel execution of threads S; k S,, S;1 9 S,, and
S1 ] Sy are active as long as one of the threads S; or S, are active. In other
words, these statements terminate as soon as the last of the threads S; and
S, terminates. One can also de ne related statements S184&S,, S18&8&S», and
S1&S, that behave as S; k Sy, S1 9 S5, and S; j Sy, respectively, but that ter-
minate as soon as the rst of the threads S; and S, terminates.

Such statements are useful when equivalent algorithms of different run-
times are executed in parallel. As soon as the rst algorithm terminates, the
result is available and the other thread can be aborted. For example, S;&&8S,
can be de ned as follows (the other variants are de ned analogously):

1 Actually, correctness is not the right word here, since the semantics of the macro
statements is de ned by these de nitions in terms of the semantics of the core
statements.
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fevent kill;
weak abort
{S:; emit(kill);}
S188S; : - k
{Sz; emit(kill);}
when(kill)
g

Although the above macro de nition is simple, it has the drawback that a new
local variable kill is used. However, as this variable is an event variable, it
does not require registers in hardware or memory in software, so that it is
essentially eliminated during compilation. For this reason, the use of the local
variable is almost for free (the same holds if the statement is contained in a
schizophrenic statement).

3.4.4 Generic Sequence and Parallel Statements

The de nition of the generic sequence and parallels statements is simple. In
the parameter speci cation (fi x=¢.... where ), the type fi must be of one
of the types nat<n> or int<n>. The expressions ¢ and .. must be static expres-
sions, so that the compiler can reduce these expressions to values J; K and J..K
of type fi. The speci ed parameters are then the numbers of the following set
r z
1'=fi2ZjlKei=ldK™ [Ix 0

The body statement S of the generic statement is then instantiated with these
parameters, i.e., the variable x is replaced with each of the values of I. The
resulting statements are then combined to a sequence or parallel execution.
Note that these operators are associative. We may however demand that the
combinations are done by a left-to-right associativity.

If the values J;K and J..K require a larger range n of the types nat<n> or
int<n>, then the same rules apply as for assignments as explained in Sec-
tion 2.2.6.

3.4.5 Delay Statements

In order to model real-time systems, we often want to specify that more than
one unit of time is consumed. In principle, one could use a sequence of pause
statements for that purpose, but for large quantities of time to be consumed,
this is not ef cient. A better solution is therefore to use a counter as follows:
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fnat<n+1> c;
c=0;
do
“zawait(n) : - next(c) = c+1;
‘pause
while(c!=n)
g

The above version of await does not await for a condition to hold, but for
the next n instants of time. Hence, it will de nitely terminate, and is equiva-
lent (apart from not using further locations) to a sequence of n pause state-
ments. Hence, we could also use the simpler alternative de nition:

“zawait(n) : - sequence(nat c=1..n) ‘:pause;

The difference between the two alternatives is that the latter one may be
unrolled by the compiler to n pause statements so that n new locations are
generated, while the above version is reduced to sizeOf(n+1) bits only, but
requires a new local variable with memory to store these bits. Nevertheless
the number of state variables grows with O(n) in the second solution, while
it only grows with O(log(n)) using the rst alternative.

3.4.6 Abstractions

For the veri cation of programs, it is often desirable to ‘hide’ some uninterest-
ing states that are not relevant for the speci cation to be veri ed. ‘Hiding' a
state means to redirect all transitions leading to this state to all of its succes-
sor states. If transition systems are used where the transitions can be labelled
with consumptions of time, then the number of transitions can be maintained
during this hiding step. An important application is found in real-time model
checking [83 86], where intermediate states like those that are introduced by
the await(n) statement are not of interest.

An important prerequisite for this reduction procedure is to mark the irrel-
evant states that can be hidden afterwards. To distinguish between relevant
and irrelevant states, we simply emit a special signal hide to mark the current
state as an irrelevant one that can be deleted before veri cation. To make this
kind of abstraction more convenient, we introduce the following two state-
ments:

abort
do loop {;
‘. .. ‘Ipause; . ‘:pause;
-abstract( ) :- | ey ) emit(hide): || enit(hide);
while(! ); }
when( );
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‘zabstract( ) simply waits for the condition , and until this condition be-
comes true, the signal hide is emitted to mark the states to be neglected.
Note that hide is neither emitted at starting time nor at termination time of
‘zabstract( ).

In the previous section, we have introduced another version of the await
statement ‘:await(n) that waits for n instants of time. In analogy to that, it
is natural to also de ne the following statement “:abstract(n):

fnat<n+1> c;
c=0;
do
next(c) = c+1,;
‘pause;
if(! ) emit(hide);
while(c!=n)
g

‘zabstract(n) : -

‘ : abstract n simply waits for n instants of time and emits the signal
hide until this point of time to mark the intermediate states to be neglected.
Since the signal hide is neither emitted at starting nor at termination time,
abstract(n) emits the hide signal for n-2 times.

3.4.7 Nondeterminism and Asynchronous Concurrency

So far, we have still omitted the nondeterministic statements, i.e., the non-
deterministic choice and the asynchronous and interleaved parallel execution
of threads. As these statements have a nondeterministic control ow, it is
not possible to map these statements to equivalent deterministic statements
without further means. In the following, we show how these statements are
reduced to the deterministic core statements with the help of additional (con-
trollable) input variables. Since the introduced input variables are control-
lable, we can ask by supervisory control whether there exists a schedule for
the execution so that some property holds. Moreover, since the new variables
are inputs, they are generated by the environment, so that their values appear
to be nondeterministic.

De nition 3.2. [Reducing Nondeterministic Statements] Using new con-
trollable boolean input variables c, c1, and c2, the following equations are used
to reduce nondeterministic choice, asynchronous and interleaved parallel state-
ments to conditional choice and synchronous concurrency, respectively:

T choose S; else S, :- 1f(c) S; else S,
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{event runl,run2;
during
suspend
S
when(runl&run2é& c);
do emit(runl);
T SljSQI' k
during
suspend
S,
when(runl&run2&!c);
do emit(run2);

}

{event runl,run2;
during
suspend
S
when(runl&run2&(clé&c?));
do emit(runl);

T S$19S,:- k
during
suspend
S,
when(runl&run2&!(cljc2));
do emit(run2);

}

Consider the rst equation: Depending on the value of the new input variable
c, we choose one of the two statements for execution. As input variables re-
ceive their values from the environment which is nondeterministic, it follows
that due to the above replacement, we deterministically react to values that are
nondeterministically generated by the environment.

In a similar way, we reduced the asynchronous and interleaved parallel
statements to a synchronous one. For the interleaved statement, we only need
one new input variable ¢ and declare two further local event variables runl
and run2. These local event variables hold iff the corresponding thread is
active, but not terminating: Since the local event variables runl and run2 are
emitted by the during statement, they do neither hold at starting time nor at
termination time of the threads. Hence, no suspension takes place at starting
time or at termination time of one of the threads. The same holds if one of the
two threads is no longer active, whether this may be due to the instantaneous
execution of the entire thread or due to an already terminated thread.

Note that the suspension conditions can only hold when both threads are
active and none of them is currently terminating. Moreover, the suspension
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conditions are mutually exclusive since c is either true or false. Hence, if both
threads are active, but not terminating, exactly one of them is executed.

In a similar way, we implement the asynchronous parallel statement. To
this end, we employ two new controllable input variables c1 and c2 and the
local event variables runl and run2 as described for the interleaved paral-
lel statement. Again, runl holds if and only if the control ow is already
somewhere inside S; and S; is currently not terminating, and the analogous
statement holds for run2 and S,. Hence, the suspension conditions can only
hold when both threads are active and none of them is currently terminating.
In contrast to the interleaved execution, the suspension conditions are how-
ever no longer mutually exclusive: Instead, there are three cases as shown in
the table below that allow us to execute either both threads or exactly one of
them:

| ¢l c2 [[c1&c2|[1(cl]c2)|
false false|| false true
false true || false false
true false|| false false
true true|| true false

It has to be noted that the above macro de nitions can be used as they stand,
but that the local event variables runl and run2 can be replaced by the con-
trol ow predicates in (S;) ™ zterm (S;) (as explained in the next chapter)
during compilation. Hence, we can compile these statements without local
event variables and only need new input control variables to introduce the
nondeterminism. On the other hand, the use of the local event variables runl
and run2 is not too expensive, since these variables do not require memory,
and since potential reincarnations are all statically false.

Moreover, since there are only two possible cases for the execution of
choose S; else S, and S; J Sy, a single boolean variable c is suf cient,
while for the reduction of S; 9S,, we need to distinguish three possible cases.
Instead of using two boolean variables c1 and c2 for the reduction of S; 9 S,
we could alternatively use a single variable c of type nat<3>, and some non-
overlapping conditions like runl&run2&(c==0) and runl&run2&(c==2) (in
case c==1, both threads are executed).

Is there a more ef cient reduction of generic statements?

3.4.8 Exception Handling

Besides the abort statements, Esterel provides also the trap statement. This
statement allows a process to immediately abort itself with a certain mes-
sage so that a surrounding context statement can react accordingly. Similar
statements exist in many programming languages, and the naming conven-
tions of these mechanisms are different: While in Esterel an trap is exited and
handled elsewhere, Java programs throw exceptions and catch them in a sur-
rounding context. In ML, exceptions are raised and handled by a sourrounding
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P1 P2=P3 P4 P5
{event e; {event e; {event e;
trgﬁz )E [weak] abort| abort weak abort
throw é_ emit Xx; emit X; emit X;
emit 7 emit e; emit e; emit e;
3 catch%e) emit y; emit y; emit y;
nothing: when(e) when immediate(e) | when immediate(e)
13 3 3
{3 Xy} |? .y} |

Table 3.4. Comparing exception handling with abortion

statement. In Quartz, we follow the Java naming conventions, and talk about
exceptions that are thrown and caught.

In this section, we will therefore discuss the meaning of the exception
handling constructs throw e to throw the exception e, and the statement
try(e) S catch(e) Se to catch an exception e that is thrown by the body
statement S. In particular, we discuss the mapping of these constructs to the
core statements we have already de ned.

To this end, we rst have to locally declare a boolean typed variable of
event storage mode that is used to replace the exception. Clearly, throw e
must then somehow be mapped toemit e, and try(e) S catch(e) Se must
somehow be mapped to an abortion statement. However, these mappings are
not so simple, for the following reasons:

Tt Exception handlers are neither weak nor strong abortion, which can be
seen by the comparison given in Table 3.4. Instead, when an exception
is thrown in a macro step, then it rather corresponds with a goto state-
ment in that throw e immediately redirects the control ow to the catch
statement of a surrounding try statement.

T Nested exception handlers behave slightly different to nested abortion
statements, as we explain in detail below.

Consider rst the issue that the throw statement is some variant of a goto
statement by the programs in Table 3.4: The behavior of program P1 is that it
will rst emit x, then it will throw the exception e so that it will immediately
terminate (since the catch clause is empty) and therefore, it will not emit
y. Delayed abortion statements like P2 and P3 do not have an effect, since
their body statements are instantaneous. Hence, both P2 and P3 emit both
x and y. Programs P4 and P5 are however immediate abortions, so that the
abortion caused by the emission of e will take place. However, as P4 is a strong
abortion, the strong preemption has to invalidate the actions of its body, so
that we end up in a contradiction (and hence, P4 has no consistent semantics).
In contrast, P5 is consistent: the only possible behavior is to instantaneously
terminate and to output both x and y (and also e which is however not seen
outside of its scope).
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As can be seen, no abortion statement is equivalent to the exception han-
dling statement: while weak or strong abortion either executes all or none of
the data actions at abortion time, the exception handler will execute some of
them as determined by the position of the throw statement. The throw state-
ment therefore has the ability to redirect the control ow in a similar way like
a goto statement.

The second point is the difference of nested exception handler and nested
abortion statements, which is a rather subtle issue. To explain this difference,
consider the following example:

module Tl(event &a) {

try(el) {

try(e2) {
throw el; || throw e2;

} catch(e2) nothing;
emit a;
} catch(el) nothing;
}

When the statement is started, then it concurrently throws both exceptions el
and e2. The intended effect of concurrent exceptions is that the one with the
highest priority is taken, which is the exception with the outermost scope. In
the above example, this is exception el, since the try statement that declares
e2 in nested in the try statement that declares el.

Hence, a is not emitted. Of course, we would have the same behavior when
we would replace throw el; || throw e2; by throw el; throw e2;, how-
ever we would have a different behavior when we would replace the same
statement bythrow e2; throw el;.

In the Esterel literature (e.g. in [15]), the priority schema of traps is gov-
erned by the so-called trap-level of an exit statement in a certain context.
The trap level of exit t is thereby 0 if it directly occurs in the body S of its
surrounding trap t in S end statement, but not in the body of any other
trap statement contained in S. In general, the trap level of an exit statement
is the number of nestings of other trap statements that embrace the exit state-
ment in the body S of its surrounding trap statement. If traps are raised, the
one with the highest trap level is the one that has highest priority. In older
papers like in [18], the same behavior has been speci ed with SOS transition
rules that have been endowed with the set T of raised traps of a transition.

There is a clever trick that can be used to implement the exception
handling statements by core statements as follows: assume the statement
try(e) S catch(e) Se is inside the body of some other try statements that

further locally de ned traps that are however not of interest for the construc-
tion of our abortion condition. Hence, each of the exceptions E [ feg can be
thrown in S, and the exceptions contained in E may also be thrown outside
S. Then, we replace try(e) S catch(e) Se with the following statement:
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{event e;
weak abort
try(e) gpeMit e; pause;
S - [Slehrow e;
catch(e) Se when immediate(e & 'e; & ...& lep);
if(e & le; & ...& len) Se;
3

The rstideaistoreplace throw ein S byemit e; pause; and to use a weak
immediate abortion when e is present. Instead of executing throw e, we then
emit e so that the weak abortion takes place. Moreover, since the control ow
is preliminary stopped at the introduced pause statements, no further micro
steps are executed in the threads of the body statement S after the throw e
statements. Hence, the overall effect is the same as if the control ow would
have been redirected from the places where throw e has been executed to the
end of the abortion statement. Note that the introduced pause statements do
not change the control ow since they are never reached, i.e., no new states
are introduced by these locations.

The second idea is to not simply use the exception as the abortion condi-
tion, but rather the exception with the additional conjuncts that no surround-
ing exception has been thrown. If a surrounding exception would have been
thrown, we also weakly abort the body statement S, but at a outer nested
abortion statement which leads to the correct implementation of the intended
priorities.

For the previous example, we obtain the following transformed statement
using the starting condition st:

{event el;
weak abort
{event e2;
weak abort
emit el; pause;
k
emit e2; pause;
when immediate(e2&!el);
}
iT(e2&1el) nothing;
emit a;
when immediate(el);
if(el) nothing;
}

Note that the inner abortion statement does not abort its body and prelimi-
nary allows the threads of its body statement to enter the pause statements.
For this reason, emit a is not executed. Moreover, the outer abortion state-
ment aborts its body statement, and therefore, we obtain the same behavior
as the nested exception handling statements.
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Note that the notion of concurrently thrown exceptions is a rather subtle
one. For example, the following variant of the previous module T1 also throws
exceptions el and e2 at the same time with a different behavior:

module T2(event &a) {

try(el) {

try(e2) {
throw e2;

} catch(e2) nothing;
emit a;
throw el;
} catch(el) nothing;
}

Module T2 will emit a, since the inner try statement will terminate, and then
emit a; is executed before the exception el is thrown. However, all of these
micro steps belong to the same macro step.

Moreover, if a body statement consists of several threads and only one
throws an exception, then the other threads are weakly aborted, i.e., they
execute all micro steps as if no abortion would take place. Here is a further
example to illustrate this behavior:

module T3(event &a) {
try(el) {
throw el;
k
{
try(e2) throw e2; catch(e2) nothing;
emit a;
}
} catch(el) nothing;
}

At starting time, both exceptions are thrown, but as the throw el; statement
is not inside the body of the try(e2) statement, it is ignored for the inner
abortion. Therefore, the try(e2) statement terminates, and a is emitted.

Finally, note that weak abortion statements do also respect the priorities
of traps, and follow the compositional semantics of the language. For this
reason, we also have to adapt the abortion conditions of the weak abortion
statements that are nested in a try statement. Strong abortion statements
inside a try statement may abort throw statements, so that no exception is
thrown when the abortion takes place. In contrast, weak abortion statements
retain the thrown exceptions, so that the exception handler must be called and
no further execution after termination of the weak abort statement should
take place. To illustrate this, consider the following two statements, where
abortion statements are nested inside trap statements:
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try(el) try(el)
abort weak abort
Sz S2
when immediate(e2);| when immediate(e2);
S1 S1
} catch(el) S3 } catch(el) S3

Consider rst the left hand side: if the condition e2 holds, then the inner
abortion statement will abort its body. As it is a strong abortion, all actions will
not take place including potential throw el statements. Hence, regardless
whether el is thrown in S, or not, at that time the strong abort statement
behaves as nothing, and hence, statement S; will be started.

The version on the right hand side behaves differently: As the abortion
is weak, the inner abortion statement will allow its body S, to throw the
exception el. If at the same time e2 holds, the abortion takes place, but el is,
of course still thrown. Therefore, the exception handling takes place, and hence
S; can not be executed. Consider the following concrete examples:

module T4(event é&a,&b) {|module T5(event é&a,&b) {
emit a; emit a;
try(el) { try(el) {
abort weak abort
throw el; throw el;
when immediate(a); when immediate(a);
emit b; emit b;
} catch(el) nothing; } catch(el) nothing;
) 3

The correct translation to core statements must also modify the abortion con-
ditions of weak abortion statements inside try statements in the same way as
done for the translation of try statement to weak abort statements. For the
above examples, we therefore obtain the following results:

module T4exp(event é&a,&b) {|module TS5exp(event é&a,&b) {
emit a; emit a;
{event el; {event el;
weak abort weak abort
abort weak abort
emit el; emit el;
pause; pause;
when immediate(a); when immediate(a&!lel);
emit b; emit b;
when immediate(el); when immediate(el);
if(el) nothing; if(el) nothing;
} }
} }
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3.4.9 Micro Step Variables

In synchronous languages all variables have uniquely determined values for
each macro step®. In Esterel, there are moreover variables that can change
their values within micro steps, so that these variables may have more than
one value per macro step. These variables must not be used in different
threads, since it can not be de ned which value of the variable should be
used in the different threads. However, for one sequential thread, such vari-
ables can be de ned with a consistent semantics.

We claim that these ‘micro step variables’ can be replaced with usual lo-
cally de ned memorized variables. To this end, we have to follow the thread
that owns the micro step variable and have to forward the current intermedi-
ate value during the micro steps to the expressions that use the corresponding
variable. If we end up with a pause statement, we add an assignment of the
form next(x) = ¢, where the expression ¢ is the last expression we had for
the micro step variable.

Currently, Quartz does not offer the micro step variables, so that program-
mers have to apply the described transformation on their own if Esterel pro-
grams are ported to Quartz.

3.4.10 Inout Variables

Besides inputs and outputs, Esterel also provides inout variables. These vari-
ables can be modi ed by actions of the module as well as by actions of the
environment. Quartz does not provide such variables, but offers controllable
input variables that can be used for similar purposes (namely to model open
systems).

2 Reincarnated local variables are viewed here as different variables, even though
they share the same name.
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Formal Semantics

In the previous chapter, we have de ned the syntax of Quartz statements and
modules, and we have already discussed their semantics in an informal way.
The discussed examples made already clear that there is a crucial need for a
precise de nition of the semantics of the language since the reactive behavior
of statements can become remarkably complex. For this reason, we de ne in
this chapter the semantics of the Quartz language in a formal way that is the
basis for all compilation techniques as well as for veri cation.

This formal semantics is an operational semantics that follows Plotkin’s
structural approach to operational semantics [96, 107], which lends itself well
for the description of the semantics of synchronous languages [15, 17, 147].
Hence, the formal semantics is given by structural operational semantics (SOS)
rules. To simplify matters, we split the the formalization of the semantics into
two steps:

t The rststep is the de nition of SOS transition rules based on a complete
knowledge of the current environment (including the outputs that are cur-
rently generated by the statement). These SOS transition rules formalize
an algorithm that computes the following:

The SOS transition rules can be used to check the consistency of the
considered environment with the reaction of the considered statement.
In particular, if an immediate assignment x=¢ is executed, then the
local/output variable x must have the value J; Kc. Hence, we can justify
the values of local and output variables of the current environment by
the SOS transition rules.

Note, however, that this is only one part that has to be checked for the
consistency of the immediate actions with the current environment. In
addition, we have to check the reaction to absence, which means that
every variable x must have its default value if no immediate assignment
on it is executed in the current macro step and no delayed assignment
on it was executed in the previous macro step. The default value of
an event variable is determined by the type of the variable, and the
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default value of a memorized variable is its previous value. If there
was no previous macro step, then it is also determined by the type of
the variable.

Second, the SOS transition rules compute the delayed actions that par-
tially contribute to the de nition of the environment of the next macro
step. To this end, the SOS transition rules simply collect pairs (x; V)
where x is the variabel that should receive the value v in the next
macro step. The collected pairs are then forwarded to the execution of
the next macro step, where the pairs are used to determine the values
of the corresponding variables x. Note that the values v are obtained
by an evaluation in the current macro step, and that the execution of
delayed actions has no effect on the current macro step.

Third, the SOS transition rules compute the residual statement that has
to be executed in the next macro step. Intuitively, the residual state-
ment is the remainder of the statement that is left by the execution of
the given statement in the current macro step. In the literature, dif-
ferent kinds of SOS rules have been considered, and there are vari-
ants that differ in this case. Instead of computing a residual statement,
an alternative is to deal only with active control ow locations which
has several technical advantages. Both alternatives are equivalent, and
therefore the second alternative is often called a ‘haltset encoding’ of
the original SOS rules rather than a different presentation of the se-
mantics.

The second part of the formal semantics is also given in an operational
style, and we also choose the formalism of SOS rules for the formal pre-
sentation. We call these SOS rules SOS reaction rules to distinguish them
from the SOS transition rules. In contrast to the SOS transition rules, the
SOS reaction rules are used to compute for given inputs for one macro
step of a module the corresponding outputs in that macro step, so that a
complete variable assignment of this macro step is obtained that can be
used for the SOS transition rules. Therefore, the ‘second part’ is actually
the rst step of an interpreter.

It is important that the SOS reaction rules describe a constructive algorithm
to incrementally compute the outputs for a so-far incomplete environment
that may only have known values for the inputs. This algorithm performs
a xpoint iteration that is based on a symbolic execution of the program
where each data type is endowed with an additional value ? to express
that the actual value of a local/output variable in the current macro step
is yet unknown. The algorithm then computes on the one hand pessimisti-
cally a ‘must-set’ of actions D5t that must be executed regardless what
values will nally replace the preliminary ? values, and on the other hand,
the algorithm optimistically computes a ‘can-set’ of actions D¢,, that can
be executed regardless what values will nally replace the preliminary ?
values. By de nition, we therefore always have Dyyst  Dean.
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In order to compute the sets Dmyst and Dean, We have to compute pes-
simistic and optimistic estimations of the conditions that lead to an instan-
taneous execution of the program. For this reason, we have to generalize
the semantics of expressions by the unknown values 2. We consider this
generalization in Section 4.1.

This second part of the semantics, i.e., the xpoint computation of the cur-
rent outputs is in the spirit of [16] and is commonly referred to as causality
analysis. As we already known that there are programs that implement logi-
cal contradictions or nondeterministic behavior (recall the discussion of Fig-
ures 3.3-3.5), it is not possible to compute unique outputs for all programs.
However, even in the case where the program has a unique behavior for each
input, it is not possible to compute this unique reaction by means of the SOS
reaction rules.

One may argue that this is a de ciency of the SOS reaction rules that has
to be improved. However, there are programs that should be rejected even
though they have a unique behavior. The reason is that this unique behav-
ior is obtained rather by accident than by a constructive computation of the
program. We clearly have to forbid the accidental behavior since it is not com-
puted by an algorithm, and is instead based on guesses which would make the
determination of outputs much more complex (and questionable).

The programs whose unique reaction can be computed by the SOS reac-
tion rules are called causally correct or constructive programs. The de nition
of constructive programs depends, of course, not only on the program, but
also on the SOS reaction rules that we formulate. There is some freedom by
the de nition of these rules [122, 123] that does not compromise the con-
structive computation of the outputs, but may in uence the complexity of the
algorithms. We will discuss this issue in Section 4.7.

In the following chapters, we will moreover nd deeply rooted equiva-
lences between the constructive programs that are de ned in terms of the SOS
reaction rules and the results of their compilation: We will see that ternary
simulation [25] of the hardware circuits that are generated from the programs
by the algorithms discussed in Chapter 5 is equivalent to the constructiveness
of the program. Moreover, the constructiveness of the program is equivalent
to the existence of dynamic schedules for the software that is generated from
the programs by the software synthesis algorithms of Chapter 6.

In Section 4.5, we de ne so-called control- ow predicates that are in some
sense a symbolic description of the SOS transition rules. These control- ow
predicates can be recursively de ned in terms of the syntax tree of the pro-
gram, which simpli es the formal treatment of the semantics, for example in
theorem provers like HOL [116]. Using the control ow predicates, one can
moreover de ne the control ow in terms of a formula that serves as a transi-
tion relation that can be directly used for symbolic model checking. Third, the
control ow predicates are an intermediate step to proved the correctness of
the hardware synthesis. Finally, we will see how the SOS reaction and transi-
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tion rules can be used to translate modules to equivalent extended nite state
machines.

4.1 Three-Valued Semantics of Expressions

For the formal treatment of the semantics, we rst have to describe how envi-
ronments are modeled. Since local variables can be reincarnated several times
within a macro step, they may have many values in a macro step, depending
on the number of their reincarnations in the current macro step. For this rea-
son, we use a function E that maps all known variables x to nonempty lists
E(x) of values: For every input or output variable x, E(x) has exactly one value
which is the uniquely determined value of x in the current macro step. For a

with the different scopes?® of x that are left and entered in this macro step: the
execution of the micro steps starts in a scope where x has value vg. Then, the
scope will be left and re-entered n times in the same macro step, and x has

The length of the list E(x) can be statically bounded: For input and output
variables x, the length of the list E(X) is 1, and for a locally declared variable
X, the length of E(x) is the number of loops that are nested around the local
declaration of x. Note that reincarnations of a local variable can only occur
due to loops that enforce that the local declaration is once more entered in
the same macro step.

For every macro step, we therefore use a uniquely determined function E
that provides the values of the variables. The SOS rules, however, describe mi-
cro steps that refer to a particular scope of the local variables. To this end, we
additionally maintain a function ~ that maps the variables x to a nonnegative
integer ~(x) that is called the reincarnation index of the variable x.

The functions E and ~ determine the current environment, and both are
updated during the execution of a micro step. In more detail, we de ne for the

holds. Using this variable assignment, we formally de ne the evaluation of
expressions wW.r.t. to incarnated contexts as follows:

De nition 4.1 (Evaluation of Expressions w.r.t. Incarnations). Given an en-
vironment E that maps the variables V to lists of type-consistent values, i.e., for

is the type of x. Moreover, let ~ : V ¥ N be a function with ~(x) < JE(X)].
Then, the semantics J¢ K; of an expression ¢, with respect to E and ~ is de ned as
JeKg = J¢K,, where the variable assignment » is de ned as »(x) := v_x) with

» 1
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The above de nition already handles the schizophrenia problem in that it
allows us to handle the reincarnated values of local variables. The causality
problem requires a further generalization of the semantics of expressions that
will be explained in the remainder of this section.

As already explained, the computation of the current values of local and
output variables is done by a xpoint computation that starts with incomplete
environments that are completed during the xpoint iteration. To this end,
the domain JfiK of type fi is endowed by a special value ? that means that we
do not yet know the actual value of JfiK.

For this reason, we have to de ne for all operators of Table 2.1 that can be
used to construct expressions what their result is when one of their arguments
is the unknown value ?. In general, we could argue that for an operator f, the
result f(¢1;:::;¢n) IS ? whenever one of the arguments ¢; evaluates to ? (in
the semantics of functional languages, these functions are often called strict).
However, there are functions f whose value f(;1;:::;¢n) does not depend
on one or the other argument ;. For examples, consider the equations in
Table 4.1.

(0 <= ¢) == true for any expression ¢, of type nat<n>
(¢, < 0) == false for any expression ¢, of type nat<n>

t x & false == false
t false & x == false
t x| true == true

t  true | x == true

t false -> x == true
t X -> true == true
T X?yzy) ==y

T (true?x:y) == X

t  (Ffalse?x:y) ==y

f x*0==0

t 0*x==0

"

¥

Table 4.1. Laws for Lazy Evaluation of Expressions

Hence, in the spirit of lazy evaluation [149? ] (also borrowed from functional
languages), we could argue that there is no need to evaluate all arguments.
Instead, it is suf cient to know the values of suf ciently many arguments to
produce the result f(¢1;:::;¢n).

This is an important key to enhance causality analysis. By the lazy evalua-
tion rules, we can stop the propagation of the ? values, so that more output
and local variables become known values even though they were unknown
before. Of course, local and output values may also become known without
the lazy evaluation rules of Table 4.1.
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De nition 4.2 (Semantics of Expressions in Incomplete Environments).
Environments (E; ~) where there is a variable x such that the list E(x) contains
the unknown value ? are called incomplete. The evaluation of an expression ¢ in
an incomplete environment (E;~) is de ned as given in De nition 4.1 with the
following exception: If one of the arguments of a function evaluation is 2, then
the rules of Table 4.1 have to be applied to generate a value. If these rules can
not be applied, the result is 2.

Hence, using incomplete environments (E;~) can lead to the evaluation
J¢Kge = 2 of an unknown value. This is often referred to as the ‘three-valued’
evaluation of expressions, since it is often considered in the domain of boolean
values only, while we have described it already for arbitrary domains.

The three-valued evaluation of expressions is used in the xpoint algo-
rithm that aims to incrementally complete so-far incomplete environments.
As we have to make sure that this xpoint algorithm terminates, we de ne a
partial order on incomplete environments as follows:

De nition 4.3 (Partial Order on Incomplete Environments). For incomplete
environments (E;~) and (E% ~') over the set of variable V, we de ne a partial
order as follows:

E;~)VvELD:, 8x2VIEX) ,, E'X);

where the partial order ,, on lists of values [ug; :::;um] and [vo;:::;vn] isde nes
as follows:
[Uos:::5Um] 55 [Voiii2; V] q
m<nor
> m=nandu; =7 impliesvi =?foralli2f0;:::;ng

We will see that the function whose xpoint is computed during the causal-
ity analysis is continuous with respect to the above partial order v. Thus,
the well-known xpoint theorem of Tarski and Knaster [146] guarantees the
existence of the xpoint, and we will be even more able to guarantee the ter-
mination of the xpoint analysis since the underlying lattice has only nite
chains.

4.2 SOS Transition Rules

Having explained the formal description of environments (E; ~), we are ready
to explain the rst part of the formal semantics, i.e., the SOS transition rules.
These SOS transition rules are of the form

hE:~:Si % h~": S": D: ti

with the following meaning:
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T (E;~) is the complete environment of the current macro step.

t ~Yis the updated incarnation level function that is obtained by executing
local variable declarations in S.

t Slis the residual statement that has to be executed in the next micro or
macro step (depending on the macro step ag t).

T D is a set of pairs (x;Vv) where x is a variable and v is a value consistent
with the type of x. We have to assign the value v to x before starting the
next macro step, since v is the value of x in the macro step that has been
determined in the current macro step by delayed actions.

T Finally, the boolean value t denotes whether the execution described by
the SOS transition rule is instantaneous. Hence, the SOS transition rule
describes a micro step if tis true, and a macro step otherwise.

SOS rules for Esterel have been discussed in many papers including [15, 17,
143, 147] and many equivalent variants exist. For example, some variants
differ in terms of the modeling of trap levels etc. Moreover, the version of
SOS rules we consider here determine a residual statement that is executed
in the next (micro or macro) step. There are other variants that are based on
the ‘haltset encoding’ of the residual statement where only the set of active
locations is stored instead of the residual statement. We consider this variant
in Section 4.6.

The SOS transition rules that de ne the rst part of the semantics of
Quartz are given in Figures 4.1-4.5. It can be easily proved that for rules
hE;~;Si F h~" S’ D;ti that describe micro steps (i.e., with t = true so that
S is instantaneous), the residual statement S? is always nothing. In the follow-
ing, we give some remarks on the rules where we already make use of this
invariant:

Tt The rule for an immediate assignment X = ¢ requires that x and ¢ evaluate
to the same value in the considered environment (E;~). Otherwise, the
execution is not possible since the environment is not consistent with the
statement. Note that this rule does not allow the execution of programs
with write con icts or where a variable would be assigned a value different
to the one that is provided by the current environment. For the next micro
step, the residual statement nothing is left.

T The rule for delayed assignments simply collects the pair (x; J;Kg), so that

the value J¢ Kz can be used to partially determine the environment for the
variable x in the next macro step. As in case of immediate assignments, the
residual statement nothing is left to be executed in the next micro step.

t assume( ) checks whether holds in the current environment. If this is
the case, then it behaves like nothing, otherwise no execution is possible.
Interestingly, assert( ) has the same SOS rule, so that assume( ) and
assert( ) share the same operational semantics. However, their meaning
is different in terms of veri cation.

Tt nothing is always instantaneous and does neither modify the current nor
the following environment. Hence, we have ~* := ~, D := fg, and t = true.
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IXKe = Jo Kg
hE; ~; x=¢ 1 & h~; nothing; fg; truei

hE; ~; next(x)=¢1 & h~;nothing; f(x; J¢ KZ)g; truei

J Kg = true
hE; ~;assume( )i ¥ h~; nothing; fg; truei

J Kg =true
hE; ~;assert( )i % h~;nothing; fg; truei

hE; ~; nothingi & h~;nothing; fg; truei
hE;~; “ : pausei F h~; nothing; fg; falsei

J Kz = true and hE; ~; S1i & h~1; S%; D1; tai
hE;~; if( ) S; else Syi F h~1;S];D1;t1i

J K2 = false and hE; ~; Szi & h~2; S3; Dy; toi
hE;~; if( ) S1 else Syi F h~2;S); Da; toi

hE;~; S1i & h~1;S}; Dy; falsei
hE;~; S1;S»gi F h~1; FS]; Sog; Dy; falsei

hE;~; S1i & h~1;nothing; D1; truei hE;~1;S2i & h~2;S%: Dy toi

hE; ~; ¥S1; S201 & h~2; Sy, D1 [ D2, tai

hE;~:S1i F h~1;SY;D1;tai hE;~;Sai & h~2;S3; Dy; toi
hE; ~; fS1 k Sogi F hMax(~1;~2); FS] k S39; D1 [ D2; t1 N toi

hE; ~; Si F h~"; S°% D; falsei
hE;~;do S while( )i * h~";{S’; while( ) S};D;falsei

J Kg = false
hE;~; {while( ) S}i & h~;nothing; fg; truei

J Kg = true and hE; ~; Si 3 h~?; S’; D; falsei
hE; ~; {while( ) S}i X h~-";{S"; while( ) S},;D;falsei

hE; [0 si # h-"; 8% D; ti
hE; ~; Ffi x; Sgi & h~";S"; f(y;v) 2 D j x & yg; ti

Fig. 4.1. SOS Transition Rules (Part I)
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Tt  The rule for “:pause simply states that “:pause does neither modify vari-
ables in the current nor in the next macro step. Instead, it terminates the
current macro step which is indicated by the termination ag t = false.
Moreover, nothing is left to be executed in the next macro step.

T We have two rules for conditionals 1f( ) S; else S,, depending on
whether the condition evaluates to true or false. Both rules are straight-
forward: depending on J Kg, the condition either behaves exactly like S;
orS,.

t For sequences S;; S,, we consider two cases. In each case, we rst execute

S in the current environment (E; ~). The rst rule now considers the case
where the execution of S; is not instantaneous so that the control ow
gets caught in the residual statement S!. In this case, S, is not started in
the current macro step and the execution in the next macro step executes
the sequence SY; S,. The updates of the incarnation indices and the set of
delayed actions are the same as for the partial execution of S;.
The second rule considers the case where the execution of S, is instanta-
neous (recall that in this case, the residual statement is nothing by our
invariant). For this reason it is suf cient to execute S, in the environment
(E;~1) in the next micro steps. Clearly, the condition for instantaneous
execution of S;; S, is here the corresponding condition of S, the nal in-
carnation indices are those obtained by the execution of S, and the set of
executed delayed actions is the union of those executed by S; and S,.

T We have listed only one rule for S; k S,. This rule states that we execute
both S; and S, in the environment (E;~) yielding tuples (~i; Si; Di; ti)
for i 2 f1;2g. Clearly, we take the union of the delayed actions, and the
condition for instantaneous execution of S; k S, is the conjunction t; ™ t,.
For the remaining statement S} k S5, we have to remark that nothing k S}
and S! k nothing are both replaced with nothing in order to remove the
parallel statement after termination of at least one thread.

The de nition of the nal incarnation level function also needs explana-
tion: The execution of S; updates ~ to ~;j in that the incarnation levels of
the locally declared variables whose scopes are re-entered during execu-
tion of S; are increased according to the number of times these scopes have
been re-entered. Now observe that S; and S, can not re-enter the same
local declaration since this would imply that this local variable would have
been declared in both substatements. Hence, the updates of S; and S, re-
fer to disjoint sets of local variables. The merge operation for incarnation
level functions Max(~1; ~2) is therefore de ned as follows for all variables
X:

(Max(~1; ~2))(x) 1= max(f~1(X); ~2(x)g)

t The behavior of a do-while loop in the rst macro step is de ned as the
execution of its body statement. However, when the remaining statement
S® will nally terminate, we have to check whether another iteration of



82

4 Formal Semantics

the loop has to be executed. This is conveniently done by adding a while-
loop as a sequence to S'. However, this makes it necessary to also list SOS
transition rules for while-loops, even though we do not view these as core
statements.
For the execution of while-loops, we rst evaluate the loop condition
Depending on whether  holds or not, the loop behaves as nothing or
as its loop body. In the latter case, another iteration may follow when
the remainder S° terminates, and therefore, we add a sequence with the
while-loop.
Note that this rules yields a problem for formal reasoning about the SOS
rules since the de nition of the semantics of while( ) S by the larger
statement {S°;while( ) S} contradicts a well-founded ordering along
the syntax trees [117]. Instead, the SOS rules provide an operational se-
mantics where a potentially in nite execution is de ned and the progress
is obtained on the micro steps that determine this in nite execution. Con-
sidering in nite traces would require more sophisticated induction tech-
niques like co-induction. To simplify matters, the alternative approach by
means of control ow predicates has been chosen to describe the seman-
tics in [116] which has been proved to be equivalent to the SOS rules
[117].
The rule for executing a local declaration ffi x; Sg rst increases the incar-
nation level of x so that the updated incarnation level function [~];((X)+1 is
obtained from ~. In this new environment, we execute the body statement
S of the local declaration which may furthermore update the incarnation
level function to ~*. Note that the updated incarnation level function ~! has
to be used for further execution so that a further re-entering of ffi x; Sg
considers a higher scope. Note further that we remove all delayed actions
on the locally declared variable x since they do no longer exist after leav-
ing the scope.
Figure 4.2 shows the SOS rules for the four versions of the abortion state-
ment. Since the delayed variants are not active in the rst macro step, we
simply execute their body statement. If this immediately terminates, the
abortion statement is simply ignored, otherwise, we embed the remaining
statement S” in a weak or strong immediate abortion context so that the
abortion will be checked in all of the further macro steps.
Hence, it remains to explain the immediate abortion statements. If no
abortion takes place, we consider the two cases as described for the de-
layed abortion, i.e., if the body statement instantaneously terminates, then
the entire statement behaves as the body statement, and otherwise, we
embed the remaining statement S° in the corresponding abortion context.
Finally, if the abortion of an immediate abortion statement takes place, we
have to distinguish between the strong and the weak abortion. In case of
strong abortion, the entire statement behaves as nothing, i.e., no actions
of the body statement S are executed. Instead, a weak abortion statement
rst executes its body statement S thus yielding a tuple (=%; S’ D; t). As the
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hE;~; Si & h~"; nothing; D; truei
hE;~;abort S when( )i & h~;nothing; D; truei

hE;~; Si & h="; S"; D; falsei

o ., . abort S°
hE;~;abort S when( )i ¥ h~; when immediate( )

: D; falsei

J Kg = true

abort S

hE:~ When inmediate( )

i & h~;nothing; fg; truei

J Kg = false and hE; ~; Si & h~% nothing; D; truei
abort S iy

hE; ~: when immediate( ) i & h~"; nothing; D; truei
. J K = false and hE; ~; S{ h~°;S°0; D; falsei
nE; ~ Sﬁgzti?mediate( y 1 h~"; \;avEgr:tiimediate( y +D:falsei
. NE;~;Si % h~; nothiing; D; truei
hE; ~: xﬁzﬁ(a;mrt S ,i F h~": nothing; D; truei
. hE;~; Si % h~"; S"; D; falsei
s S Ot
oJ Ke = true and hE; ~; Si h~%;S% D; ti
hE; ~: xﬁgﬁ ?rmggi:te( ) i + h~" nothing; D; truei
J Kg = false and hE;~; Si F h~’; nothing; D; truei
hE; ~; xﬁiﬁ ?ﬁ;;iaste( )’i F h~'; nothing; D; truei
. J Kz = false and hE; ~; S| F h~’; S; D; falsei
hE: weak abort S ’i + heo: weak abort S’ ,;D;falsei

when immediate( ) when immediate( )

Fig. 4.2. SOS Transition Rules (Part 1)
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hE;~; Si & h~"; nothing; D; truei
hE;~;suspend S when( )i F h~";nothing; D; truei

hE;~; Si * h~", S, D; falsei
. . _o. suspend S’ T ]
hE; ~; suspend S when( )i & h~7; when immediate( ) : D; falsei

. J Kg = frue
._. suspend S *. . .. suspend S T
"B when immediate( ) ' T when immediate( ) 19Tl

J Kg = false and hE; ~; Si & h~% nothing; D; truei

suspend S T 0. e
when imnediate( ) i 3 h~"; nothing; D; truei

hE; ~;

J Kg = false and hE; ~; S{ ¥ h~’; S”; D; falsei

._. suspend S . . suspend S’ .
"B when immediate( ) ' T when immediate( ) DTSl

hE;~; Si & h~"; nothing; D; truei

weak suspend S . 0. L .
when( ) i &£ h~";nothing; D; truei

hE; ~;

hE;~; Si % h~", S D; falsei

.. weak suspend S . _o. weak suspend S° 7 ]
hE; ~; when( ) b when immediate( ) ; D; falsei

J Kg = true and hE; ~; Si F h~’; S’ D; ti
.. weak suspend S . .~ weak suspend S ]
"Ei~ when immediate( ) ' T when immediate( ) ‘DI

J Kg = false and hE;~; Si F h~’; nothing; D; truei

weak suspend S . 0. N ]
when immediate( ) i 3 h~"; nothing; D; truei

hE; ~;

J Kz = false and hE; ~; S| F h~’; S; D; falsei

.. weak suspend S ., weak suspend S" T _ _ .
"B when immediate( ) ' T when immediate( ) DAl

Fig. 4.3. SOS Transition Rules (Part I1I)
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abortion takes place, we ignore S° and t and replace them with nothing
and true, respectively. In contrast to the strong abortion, we retain D since
a weak abortion statement allows the execution of the actions of its body
that would have been executed without the abortion.

T Figure 4.3 shows the SOS rules for the four versions of the suspension

statement. The explanations of the delayed suspension statements are the
same as in case of the abortion statements. For the immediate suspension
statements, the cases where no suspension takes place are also explained
as in case of the abortion statements.
Hence, it remains to explain the two rules for immediate suspension when
the suspension condition holds. Both versions of the immediate suspen-
sion statement do then not instantaneously terminate. For this reason, they
are also able to hold the control ow similar to pause statements (in fact,
pause can be de ned in terms of immediate suspension, as we already
have mentioned). A strong suspension statement does not modify the cur-
rent output variables, while a weak suspension statement allows the exe-
cution of the actions of its body statement as if no suspension would take
place. In both cases, the current statement is also the remaining statement
to be executed in the next macro step.

hE;~;S1i ¥ h~"; nothing; D; truei
hE;~;during S; do S»i ¥ h~";nothing; D; falsei

hE;~;S1i * h~"; S; D; falsei
hE;~;during S; do Szi ¥ h~’;{S2;during S} do S.};D;truei

Fig. 4.4. SOS Transition Rules (Part IV)

T Finally, Figure 4.5 presents the SOS transition rules for the during state-
ment. If S; is instantaneous, then during S; do S, behaves like S; and
S, is not executed. Otherwise, only a part of S; is executed in the current
macro step, and the residual S} has to be executed in the next macro step.
The during S; do S, statement then rst executes S, and then proceeds
with the execution of during S} do S,. Hence, S, is executed before ev-
ery resumption of S; in the following macro steps.

The SOS transition rules can already be used to prove what the behavior of
statements within a complete environment. In particular, we can use the def-
initions of the macro statements to derive the corresponding SOS transition
rules of the macro statements. For example, Figure 4.5 lists some transition
rules of the simple macro de nitions.

Moreover, we can use the SOS transition rules to prove the equivalence of
statements. Let us consider a few simple examples:
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IXKg = true
hE;~;emit X;i & h~;nothing; fg; truei

hE; ~;emit next(x);i & h~; nothing; f(x; true)g; truei
hE; ~; “zhalti ¥ h~; “:halt; fg; falsei
hE;~; “zawait( )i & h~; “-await immediate( );fg; falsei

J Kz = false
hE;~; “:await immediate( )i & h~; “:await immediate( ); fg; falsei

J Kg = true
hE;~; “zawait immediate( )i ¥ h~; nothing; fg; truei

hE;~;Si % h~"; S"; D; falsei
hE;~; loop Si * h~-";{S";loop S};D;falsei

Fig. 4.5. Derived SOS Transition Rules for Some Macro Statements

T We de ned halt as do pause; while(true). Instead, we could also de-
ne it by loop pause; or while(true) pause;, since the latter lead to
the same SOS transition rules.

T We already remarked that pause can be de ned by an immediate suspend
statement. This can now be formally proved in that the considered suspen-
sion statement leads to the same SOS transition rule. To this end, consider

rst the following application of the SOS transition rules:

> Jtruekz = true q
suspend suspend
hE;~;4 nothing; Si + h~4 nothing; S5 fg; falsei
- Wwhen immediate(true) 5 oWhen immediate(true) o
abort abort
suspend suspend
hE; ~; nothing; i & h~; nothing; ; Fg; falsei

when immediate(true) when immediate(true)
when(true) when immediate(true)

It remains to prove that the obtained residual statement is behaviorally
equivalent to nothing. This follows directly from the following instance of
one of the SOS transition rules for strong immediate abortion:

abort S i =& h~; nothing; fg; truei

hE:~ Wwhen immediate(true)

Hence, also nothing can be easily de ned in terms of an immediate abor-
tion.
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4.3 SOS Reaction Rules (Causality Analysis)

The rst part of the semantics as formalized by the SOS transition rules of
the previous section requires a completely known environment (E; ~). As the
reactive system reads all inputs at the beginning of each macro step, the values
of all input variables are known. Moreover, the values of those output and
local variables are known that have been used as left hand sides of delayed
assignments. However, all other output and local variables are unknown are
are only determined by the current reaction itself.

In this section, we therefore complete the semantics in that we present an
algorithm to iteratively complete an incomplete environment by computing
the correct values of all local and output values. To this end, the algorithm
performs a Xxpoint iteration that starts with values ? for the unknown out-
put variables. For this reason, we make use of the three-valued evaluation of
expressions as described in De nition 4.2.

In each iteration, the algorithm computes pessimistic and optimistic approx-
imations Dnyst and D¢an Of the set of actions that are executed in the current
macro step. Due to the determined actions Dp,st that must take place, or the
information that no action can modify the variable (since no action on that
variable belongs to D¢s,), some of these values become known. For this rea-
son, the xpoint iteration determines a nite sequence of environments Ep,
E1,...,En that is a monotonically increasing chain with respect to the partial
order described in De nition 4.3. Hence, in Ej4+; at least one more variable
became known compared to E;.

The xpoint iteration terminates if no further progress is seen on the en-
vironments, thus the number of iteration steps is bounded by the number of
variables that start with an unknown value ?. A program is causally correct if
for all output and local variables, known values are derived for all reachable
states and all possible inputs.

The description of the xpoint iteration is given in more detail in the next
section. In this section, we concentrate on the computation of the pessimistic
and optimistic approximations Dnst and D¢an that can be used to re ne the
so-far known environment E;. To this end, we describe this computation also
with SOS rules that we call SOS reaction rules to distinguish them from the
SOS transition rules of the previous section. These SOS reaction rules have
the following form:

hE;~; S1 # h"‘o; Dmust; Dean; tmust; teanl;

where Dmust and Dean are the actions that must be and can be executed in the
current environment and where the ags tyhust and tc,, denote whether the
execution must be or can be instantaneous, respectively.

Due to the optimistic and pessimistic views, we can easily see that the
conditions Diyst  Dean @and toust ¥ tean must invariantly hold. If the program
is causally correct and the xpoint iteration terminates, then the opposite
directions do also hold, i.e., we then have Dpyyst = Dean and tmust = tean.
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hE; ~; x=¢ 1 # h~; F(x = ¢; ~)g; F(X = ¢; ~)g; true; truei
hE; ~; next(x)=¢ i # h~; fg; fg; true; truei
hE; ~; assume( )i # h~; fg; fg; true; truei
hE; ~; assert( )i # h~; fg; fg; true; truei
hE; ~; nothingi # h~; fg; fg; true; truei
hE;~; “ : pauseil # h~; fg; fg; false; falsei

J K~ = true hE;~; S1i # h~1; D musta Dgan; tt:"Lnust; t%ani
|f( ) S: else Szi # h~1;D mush Dg‘an;tr]{']ust;tg-ani

J Kz =false  hE;~;Sai # h~2; Dmusta Dczan, tmusty tcamI
hE; ~ |f( ) S1 else Szi # h~; Dmust- Dgan-tmush tcani

J K~ hE;~; S1i #£ h~q; mustu Dcanu tmusty tcani hE; ~; S2i # h~2; Dr%ust; Dczan; t%ust; tgani

hE lf( ) S; else Si # hMaX(~l- 2) Dmust \ Dmush Dcan [ Dcanu tmust t%ust; t%an _tgani

hE;~: S1i # h~1; D3 t; DL, false; falsei
hE; ~: {S1;S2} # h~1; Dist; DL; false; falsei

hE; ~; S11 # h~1; Dmusta Clan;fa|S€; truei hE;~1; S2i # h~2; D must: Dczan; tﬁwust;tgani
hE; ~; {Sl ;SZ}i # h~2;D must, Dcan [ Dcany false; tcani

hE Sll#h 1; Dinust; Diaan; true; truei — hE; ~1; Spi # h~; must,Dfan,t%ust;tEani
{Sl’SZ}I # h~2; Drlnust [ Dmusta Dcan [ Dcan; must canI

hE S1I # h~ l. musta Dg‘am t%‘lusty tca\ni hE N SZ' # h~ ~2, DI’T‘IUStv Dcana tgnust: tcanI
1{81 k SZ}' H hMaX(~~ ; 2) Dmust [ Dmush Dgan [ Dcana tmust n tﬁwustr tgan n tcamI

hE;~; Si # h“‘o; Dimust; Dean; tmust; teani
hE;~;do S while( )i # h“'o; Dmust; Dean; tmust; teanl

J Kg = false
hE; ~;while( ) Si # h~; fg; fg; true; truei

J KE = true hE;~; S1 # h"“o; Dmust; Dean; tmust; teand
hE;~;while( ) Si # h"“o; Dmust; Dean; tmust; teanl

J KE =7 hE; ~; Si ## h~°; Dmust; Dean; tmust; teani
hE; ~;while( ) Si # h~"; fg; Dean; false; truei

hE; ["’]R(X)_'_l ; Si h"‘o; Dumust; Dean; tmust; teand
hE; =~ ffi X; Sgi +H h"'o; Dmust; Dcan; tmust; tcani

hE; ~; S1i # h“’o; Diust; Dean; tmust; teani
hE;~;during Si do Sai # h~"; Dmust; Dcan; tmust; tean|

Fig. 4.6. SOS Reaction Rules (Part I)
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hE; =~ Si# h~0; Dmust; Dcan; tmust; tcani
hE; ~; [weak] abort S when( )i # h~"; Dmust; Dcan; tmust; teani

J KE = false hE;~; Si # h"'o; Dmust; Dean; tmust; teani
hE;~; [weak] abort S when immediate( )i # h~"; Dmust; Dcan; tmust; teanl

J KE = true hE; -~ Si# h~0; Dmust; Dcan; tmust; teand
hE;~;weak abort S when immediate( )i # h~"; Dmust; Dcan; true; truei

J Kg = true
hE;~;abort S when immediate( )i # h~; fg; fg; true; truei

J KE =72 hE; ~; Si ## h~"; Dmust; Dcan; tmust; teani
hE;~;weak abort S when immediate( )i # h~'; Dmust; Dcan; tmust; truei

J KE =7 hE; ~; Si # h~"; Dmust; Dean; tmust; teanl
hE;~;abort S when immediate( )i ## h~"; fg; Dean; tmust; truei

hE; =~ Si# h"'o; Dmust; Dean; tmust; tcani
hE; ~; [weak] suspend S when( )i # h~"; Dmust; Dean; tmust; teand

J KE = false hE;~; Si # h"’o; Dmust; Dean; tmust; teand
hE; ~; [weak] suspend S when immediate( )i #£ h~"; Dmust; Dcan; tmust; teani

J KE = true hE;~; Si # h"’O; Dmust; Dean; tmust; teanl
hE;~;weak suspend S when immediate( )i # h~": Dmust; Dean; false; falsei

J Kg = true
hE;~;suspend S when immediate( )i ## h~"; fg; fg; false; falsei

J KE =72 hE; ~; Si# h~0; Dmust; Dcan; trust; tcani
hE;~;suspend S when immediate( )i ## h~"; fg; Dcan; false; tcani

J KE =2 hE; ~; Si# h~0; Dmust; Dcan; trust; tcani
hE; ~;weak suspend S when immediate( )i # h~"; Dmust; Dcan; false; tcani

Fig. 4.7. SOS Reaction Rules (Part I1)
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The SOS reaction rules to determine the computation of the must/can
information are given in Figures 4.6 and 4.7. The rules are more or less self-
explanatory. For this reason, we only list a few remarks on some of these
rules:

T For the atomic statements, the optimistic and pessimistic variants do not
differ, i.e., we have Dpyst = Dcan and thust = tean In the rules of these
statements. In case of the immediate assignments, we only collect the
statement in the sets Dt and Dcan together with the current incarna-
tion level function so that we are able to later on evaluate the right hand
side expression ¢. Delayed assignments can be ignored since they do not
have an effect on the current reaction. Their effect on the next macro step
is considered by the SOS transition rules. Also, the SOS reaction rules
ignore assume and assert statements, since they also do not contribute
to modi cations of the current local/output variables. The validity of the
conditions of assume and assert statements is checked by the transi-
tion rules (where the complete environment is known). There is nothing
to remark for nothing and pause.

t  Whenever the condition of conditional statement is evaluated to either

true or false, we either execute the ‘then’ or ‘else’ branch of the statement
which determines the result for the conditional statement. However, if the
condition can not be evaluated to a boolean value, then D¢, IS the union
of the can-sets obtained from the ‘then’ and the ‘else’ branches, while Dpyst
is the intersection of the corresponding sets.
As we discuss in more detail in Section 4.7, this rule is already an improve-
ment of Esterel’s view of causality as outlined in [122]. Our version of the
conditional is sometimes also called McCarthy’s parallel if-then-else [29]
in contrast to the sequential if-then-else of Esterel. The explanation of tak-
ing the maximum of the incarnation level functions is exactly the same as
given on page 81 in the case of parallel statements.

T Sequences {S;; S, } introduce the uncertainty to estimate the instantaneity

of the rst part S;: Therefore, we consider three cases, namely the rst
case where S; is de nitely known to be not instantaneous, the second
case where nothing is known about the instantaneity of S;, and the third
case where the execution of S; must be instantaneous. These three cases
are handled by the three SOS rules of {S;; S,>}. Inthe rstrule, S; can not
be instantaneous since t.,, = false. Therefore, we can only execute S; and
not S,, and therefore all approximations are obtained from S; alone.
In the second rule, S; may not be instantaneous, but it can be so, hence,
we are not sure about the instantaneity of S;. Therefore, the actions that
must be executed are those that must be executed by S;, while the actions
that can be executed are the union of the actions that can be executed by
S1 or Sy. As {Sy; S»} can be instantaneously executed iff both S; and S,
can be instantaneously executed, tca, = t2,, in this case.
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Finally, in the third rule, we know that the execution of S; must be in-
stantaneous since t, . = true. Therefore, we must also execute S, and
the statements that must and can be executed are the unions of the corre-
sponding sets of S; and S,. The approximation of the instantaneity is then
determined by S..

The rule for the parallel statement is obvious and needs no further expla-
nation.

The approximations of the do-while loop are simply obtained from the
body statement, since that is de nitely executed.

The cases, where the loop condition evaluates to a boolean value are clear:
We either execute nothing or the loop body. However, if the loop condition
is unknown, then the while loop introduces a further source of uncertainty.
In this case, the must-approximation assumes that no further iteration will
take place, while the can-approximation assumes another iteration. There-
fore, the nal Dyt is empty, while the nal D¢y, is the result of the can-
approximation of the body statement. The instantaneity is unclear in this
case, which means that t,, s = false and t.qn, = true.

The rule for the local declaration is simple. It only increases the incarna-
tion level of the locally declared variable so that the further analysis refers
to the right incarnation.

The rule for the during S; do S, statement is also simple, since this
statement executes in the current reaction only its rst substatement S;. If
S1 is not instantaneous, then the SOS transition rules of the during state-
ment will generate a sequence with S, that we need not consider in the
SOS reaction rules.

The rules for abortion statements are given in the upper half of Figure 4.7.
The rst four rules de ne the cases, where we are sure whether an abor-
tion takes place (either due to delayed abortion statement or due to the
fact that the abortion condition evaluates to a boolean value).

Finally, the last two rules introduce again uncertainty, since we are not sure
whether the immediate abortion takes place or not: Since the abortion can
take place, we conclude that the execution can be instantaneous, thus we
have t.,n = true. On the other hand, we can not deduce that the execution
must be instantaneous due to the abortion, since there is still the chance
that could change to false. Hence, the only case where the execution
will unavoidably be instantaneous is when the execution of the abortion
statement’s body must be instantaneous.

The rules for suspension statements are given in the lower half of Fig-
ure 4.7. Analogously to the abortion statements, the rst four rules de ne
the cases, where we are sure whether a suspension takes place (either due
to delayed suspension statement or due to the fact that the suspension
condition evaluates to a boolean value).

The last two rules are again the dif cult cases. These rules introduce once
more uncertainty, since we have an immediate suspension, but are not sure
about the value of the suspension condition. Since the suspension can take






