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Abstract

In this dissertation we face a number of fundamental graph problems which, on the
one hand, share applications to the state explosion problem in model checking, and,
on the other hand, pose interesting algorithmic questions when very large graphs are
dealt with. In more detail, this thesis is divided into three main parts.

Part I (Symbolic Graph Algorithms) deals with the algorithmic solution of funda-
mental graph problems (especially graph connectivity problems) assuming a symbolic
OBDD-based graph representation. Working on symbolically represented data has
potential: the standards achieved in graph sizes (playing a crucial role, for example,
in veri�cation, VLSI design, and CAD) are de�nitely higher. On the other hand,
symbolic algorithm’s design generates constraints as well. For example, Depth First
Search is not feasible in the symbolic setting and our approach suggests a symbolic
framework to tackle those problems which, in the standard case, are naturally solved
by a DFS-based algorithm.

Part II (Equivalence Based Graph Reduction) deals with well known bisimulation
and simulation graph reductions. In particular, our purpose is to show a �l rouge
connecting such notions, which consists in casting them into partition re�nement
problems (coarsest partition problems). Such a formulation is well known to be the
engine of e�cient computational strategies for bisimulation. In this thesis, we extend
the picture to the, computationally more challenging, notion of simulation. Besides
(we hope) a deeper understanding of the algebraic nature of simulation equivalence,
the �nal byproduct is the de�nition of a new space e�cient simulation algorithm
re�ning a partition rather than a relation.

Part III discusses some applications to model checking and builds connecting
bridges among the material introduced in the �rst two parts of the dissertation. In
particular, the strongly connected components symbolic algorithm de�ned in Part I
is used to obtain a symbolic version of an e�cient rank -based bisimulation reduction,
recently de�ned in [39]. Finally, our symbolic procedure for strongly connected com-
ponents turns out to be the key to cut down from O(V log V ) to O(V ) the number
symbolic steps necessary to perform a number of tasks in model checking as bad cycle
detection and B�uchi as well as Streett automata language emptiness problems.
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Introduction

\640K ought to be enough for anybody"
Bill Gates

The need for tools and algorithmic techniques to deal with very large graphs is
likely to be a primary one in the very next future. In fact, many emerging and/or
fundamental areas, such as WWW and mobile network modeling, VLSI, hardware
veri�cation and geographic information systems, must be able to cope with larger and
larger graphs structures. On this ground, for example, a large part of the algorithmic
community is nowaday devoted to the study of classical graph algorithms assuming
the use of external memory and the I/O-complexity framework [112]. As a matter
of fact technological advances are increasing CPU-time speeds at an annual rate of
40� 60% while disk transfer rates are only increasing of 7� 10% annually [112]. This
is a strong motivation for the above community, however, the same considerations
should motivate new research e�orts for the algorithmic solution of classical graph
problems assuming an implicit succinct representation. Implicit representations allow
sets of nodes (and edges) to partly share their representation (encoding) improving on
space requirements: in this framework, graphs can be (hopefully) completely handled
in main memory with considerable savings not only in space but also in time resources.

Ordered Binary Decision Diagrams and Implicit Graph Manip-
ulation in Symbolic Model Checking

In this thesis, we consider a type of implicit representation whose bene�ts are well
known for practitioners and researchers in such areas as formal veri�cation, VLSI, and
boolean optimization: the Ordered Binary Decision Diagram (OBDD) based repre-
sentation. Ordered Binary Decision Diagrams were originally developed by Bryant
[14, 15] as a canonical representation of boolean functions. Basically, OBDDs are a
kind of acyclic diagrams resulting from merging isomorphic subgraphs and redundant
information in the complete binary decision tree of a boolean function. The original
paper of Bryant [14] introducing OBDD, is now one of the few super cited papers in
the most used scienti�c literature digital library (1558 citations in CiteSeer database).
In fact, many important boolean functions (such as adders, counters, and symmetric
functions, see [114, 40, 79] for a survey) have an OBDD representation whose size is
polynomial in the number of variables; moreover there are e�cient (polynomial in the
size of the input OBDDs) procedures for boolean combinations of OBDD represented
function and, due to the canonicity of the representation, the comparison operation
is done in constant time. However, on the back-stage of the success of the OBDD
representation there is another, impressive, application of this kind of representa-
tion: OBDDs allowed the automatic veri�cation technique called model checking, to
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be applied to real industrial size protocols and circuits. In symbolic model checking
[78, 26, 99] the nodes and edges of the structure modeling the tested system are as-
signed a binary code: on this ground the characteristic boolean functions relative to
sets of nodes and edges (graphs) can be OBDD represented. Graphs having an ex-
plicit dimension of 1020 [16], 10100 and more [26] could be handled by symbolic model
checking. Notably, the technique of symbolic model checking was endowed of the
ACM Kanellakis Award for Theory and Practice in 1998 and many leader companies
(IBM, Motorola, Intel, . . . ) make use of symbolic model checking in their veri�cation
process.

Challenges in Symbolic Graph Algorithmica

Despite the above mentioned great amount of practical evidence for the e�ectivness
of implicit OBBD based graph structure representations, their use and study is still
con�ned to the computer aided veri�cation and engineering community. As Bryant
observed in a recent talk surveying OBDDs and symbolic model checking:

\No people with greatest talent in algorithms work on OBDDs: there are no papers
in STOC/FOCS/SODA..."

Bryant{2001

The fundamental dilemma that prevents algorithmics to appreciate the potential
of OBDD symbolic computation lies, in our opinion, in the weak assessments about
e�ciency that can be made to date. In fact the e�ectiveness of the framework can be
nowaday demonstrated only empirically. Worst, the few formal results known seem
to be deeply negative: in [45] the PSPACE completeness of some simple problems
assuming an OBDD representation is proved (see section 1.3 for a discussion).

Despite this general scepticism within the pure algorithmic community, we think
that the many successes in dealing with enormous OBDD represented graphs, coming
from the many above cited areas (VLSI, CAD, veri�cation, : : : see [40, 26, 79, 99] for
more details), can not be reduced to a repository of good examples. Thus, due to
the greater and greater importance of the space parameter in algorithmic design, the
analysis of algorithms assuming an implicit (OBDD based) representation (symbolic
algorithms) deserves a deeper investigation. In this context, there are many questions
that could be a good starting point for inspiration1:

� Symbolic Algorithmic Design Issue
Symbolic OBDD based representations merge as much information as possible
among encoding of nodes and edges. The way this is obtained will be clearer in
the sequel, however, it is natural that algorithms on symbolically represented
graphs must take advantage of this sharing, working on sets of nodes and edges
rather than single nodes and edges. Many algorithms in the explicit setting do
not proceed processing sets of nodes, rather they gain e�ciency manipulating

1\One moment of inspiration. A life of perspiration." A.Einstein.
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and building structures upon each node and edge. In these cases, new algorith-
mic strategies must be developed to take advantage of having data symbolically
represented.

Researchers in the area of model checking faced this problem with respect to
speci�c tasks occurring within their veri�cation algorithms. In this context
only a few general graph problems were analyzed in the symbolic setting: the
reachability problem (�nding all nodes that can be reached from a source node v)
and the problem of determining the strongly connected components in a graph
[5, 117, 78, 26, 99]. In [115] Ingo Wegener, who developed di�erent variants
of OBDD data structures, addressed the problem of analyzing the algorithmic
solution of general graph problems assuming an OBDD representation:

\(: : :) However, we have to look for a new type of algorithms. Loops like { For
all v 2 V do sequentially { are intractable. OBDD synthesis work for all v 2 V

in parallel"

� Complexity Issue
Which parameters make a symbolic OBDD based algorithm a good algorithm?

The evaluation of a symbolic algorithm only in terms of its asymptotic complex-
ity, as for classical explicit algorithms, is not satisfactory. In fact, on the one
hand the distance between the best case and the worst case is often enormous.
For example, breadth �rst search symbolic analysis of a graph G = hV;Ei is
logarithmic in jV j in the best case and �(jV j3) in the worst case. On the other
hand, there are parameters, as the maximal size of the OBDDs involved in the
computation, that must be taken into consideration.

Today, most authors simply count the number of OBDD operations (number
of simbolic steps)[5, 78]. Other authors perform a classical complexity analysis
of their symbolic algorithm, but assuming to work on simple very structured
graphs (as grid networks, see [116, 97, 98]).

� Explicit vs Symbolic Algorithms
To date, symbolic algorithms are mostly used when explicit procedures are sim-
ply useless because of the prohibitive input structure size. However, in symbolic
computation, the more space is saved, the more time is saved (combining little
OBDDs has a low cost). Are there some problems whose symbolic algorithmic
solution is better than the explicit one, assuming an amortized analysis?

The previous items motivate the work in the �rst part of this thesis and are some of
the parameters that should be considered in a wider project, concerning a systematic
development of a symbolic counterpart to classical graph algorithmica.

Model Checking, State Explosion Problem, and Graph Reduc-
tions

A travel around the challenges of Symbolic Graph Algorithms can look at model
checking [26, 99] as both a hopeful departure point and a sure �nal arrival land.
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On the one hand, the success of symbolic model checking inspires the possibility
of achieving similar outstanding new standard problems dimensions in other areas
dealing with graph computation. On the other hand, model checking can be an
application �eld of symbolic algorithmic solution to classical graph problems.

To this purpose, it must be said, however, that symbolic graph manipulation does
not resolve the so called notorious state explosion problem, which is somehow inher-
ent in the model checking approach. In the literature, many other tools to deal with
the modeling structures’ dimensions have been developed, either in alternative or in
addition to symbolic computation. Roughly, these techniques can be divided in two
categories. The �rst category includes methods exploiting compositional reasoning
[60]. The second one relies on abstraction: models are reduced before any kind of
reasoning takes place on them (see, for example, [33] for a survey). Abstraction tech-
niques can be further split into strongly preserving reductions and weakly preserving
reductions, where strong and weak refer to the way properties (expressed in a given
temporal logic language L) are preserved upon reductions. If only the truth of L
properties is preserved within the abstraction, we have weak preservation. Other-
wise, we have strong preservation. Weak preservation techniques are mainly based
on abstract interpretation re�nements. Strong preservation techniques, instead, rely
on the de�nition of equivalence relations on the graph models vertex-sets. In [77] the
bisimulation equivalence is recognized as preserving the whole �-calculus language
[72]. In [77, 25], the simulation equivalence is proved to preserve the universal frag-
ment of the �-calculus as well as of 8CTL� and 8CTL logics [26, 99]. As a matter of
fact, bisimulation and simulation are the most used equivalences in the above reduc-
tion context as the complexity of computing them is a small polynomial (while, for
example, the complexity for language equivalence is PSPACE-complete [102]).

Scope and Main Contributions of the Thesis

In this thesis, we deal with most of the above outlined topics. Broadly, we face a
number of fundamental graph problems which, on the one hand, share applications
to the state explosion problem in model checking, and, on the other hand, pose
interesting algorithmic questions when very large graphs are dealt with.

More in detail, the graph problems discussed in the �rst part of this thesis are
di�cult to be solved when a symbolic data representation is assumed. Thus, part one
of the dissertation can be view as the attempt of moving some preliminary steps to-
ward the development of a symbolic counterpart to classical graph algorithms. Graph
decomposition in its strongly connected components is exactly the �rst graph prob-
lem approached in this context. Apart from model checking, where it can be used
to enhance bad cycle detection [5], this problem �nds applications in many �elds
where large graphs are manipulated as, for example, WWW analysis [13]. For this
reasons it is largely studied and recognized to pose challenges, both in the external
memory framework [112] and assuming a symbolic OBDD-based representation. As
far as the symbolic setting is concerned, di�culties rely on the fact that depth �rst
search graph traversal is not applicable in a symbolic setting [104, 117, 5], since it can
not be adapted to work on sets of nodes. Hence, the well known (depth �rst search
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based) e�cient strongly connected components algorithm by Tarjan [106] can not be
rephrased symbolically. In Tarjan’s procedure the �nal DFS node labelling de�nes an
order that e�ciently drives the computation of strongly connected components. In
this thesis we propose spine-sets as a symbolic counterpart to DFS for connectivity
graph analysis. Spine-sets allow to obtain strongly connected components of a sym-
bolic graph within O(jV j) symbolic steps improving on previous results [117, 5]. The
role of spine-sets as a counterpart to DFS in the symbolic setting, is enhanced by the
possibility of reusing the above notion to devise an O(V ) symbolic steps algorithm
for biconnected components analysis.

In the second part of the dissertation, we consider systematically bisimulation and
simulation equivalence based graph reduction, from a (classical) algorithmic point of
view. In particular, our purpose is to show how there is a �l rouge connecting such
notions which consists in casting them into partition re�nement problems (coarsest
partition problems). Such a formulation is well known to be the engine of e�cient
computational strategies to compute bisimulation reductions [67, 84, 70]. As an orig-
inal contribution, we extend the picture to the, computationally more challenging,
notion of simulation. Casting the simulation problem into a generalized coarsest par-
tition problem seems to shed some new light on the concrete nature of this kind of
graph reduction. Moreover, it is the �rst step along a path that allows us to de-
�ne a novel e�cient simulation algorithm that gains space resources in determining a
partition, rather than a relation, on graph nodes.

The third �nal part of this thesis discusses some applications, in model checking,
of the material previously introduced. Within the model checking framework, it is
also possible to outline a number of links relating part I and part II of the dissertation.
In particular, as an original contribution, we develop a symbolic version of the rank-
based e�cient bisimulation reduction algorithm, recently introduced in [39]. The
key tool of rank, inspired by set theory and fundamental for the complexity of [39],
is proved to be symbolically computable either upon our symbolic SCC algorithm
or with a specialized symbolic procedure. Our symbolic SCC procedure is �nally
shown to be the engine of new symbolic algorithms, checking (various types of) !-
automata language emptiness: these procedures cut down, from O(V log V ) to O(V ),
the number of symbolic steps necessary to check language emptiness of (generalized)
B�uchi and Streett automata [5].

Structure of the Dissertation

We outline here the structure of the dissertation and the origin of each chapter. As
previously anticipated, this thesis is divided into three main parts:

Part I: Symbolic Graph Algorithms

� In Chapter 1, we present the Binary Decision Diagram (OBDD) data structure
and we review the main results of the literature about OBDD based graph
representation and manipulation. We state here also an opening discussion on
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challenges, limits, and di�culties underling both the design and the analysis of
symbolic graph algorithms.

� In Chapter 2, we develop our symbolic algorithm to compute, within O(V )
symbolic steps, a graph decomposition in its strongly connected components.
The work presented in Chapter 2, that improves previous procedures requiring
O(V 2) [117] and O(V log(V )) symbolic steps [5], is partly based on [55].

� In Chapter 3, we develop a symbolic approach to biconnected components com-
putation. We �nally show how to take advantage of spine-sets to enhance the
overall computational strategy, obtaining an algorithm that computes bicon-
nected components within O(V ) symbolic steps. The results in this chapter are
partly based on [57].

Part II: Equivalence Based Graph Reductions

� In Chapter 4, we present the state of the art concerning both algebraic character-
izations and computational strategies for obtaining bisimulation and simulation
reductions.

� In Chapter 5, we encode the simulation problem into a (generalized) coarsest
partition problem. On this ground, we develop a new simulation algorithm that
improves either in the time or in the space resources used, on previously de�ned
procedures [56]. The results of Chapter 5 have been partly presented in [53, 56].

Part III: Applications to Model Checking

� In Chapter 6, we give the reader an overview on model checking veri�cation
technique, that we consider to discuss some applications of the material intro-
duced in the �rst two parts of the thesis.

� In Chapter 7, we present a symbolic version of the rank-based bisimulation
reduction algorithm developed in [39]. The results in this chapter are partly
based on [37] and build a bridge linking some material introduced in the �rst
and in the second part of the dissertation.

� In Chapter 8, we collect a number of tasks, in symbolic model checking that
can take advantage of the performances of our SCC symbolic algorithm.
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1
Preliminaries: OBDDs and
Symbolic Graph Algorithms

In this chapter, we present the Binary Decision Diagram (OBDD) data structure and
we review the main results of the literature about OBDD based graph representation
and manipulation. We state here also an opening discussion on challenges, limits, and
di�culties underling both the design and the analysis of symbolic graph algorithms.

1.1 Ordered Binary Decision Diagrams (OBDDs)

Ordered Binary Decision Diagrams (OBDDs) [14, 15] were introduced in 1986 by
Bryant, as a canonical representation for boolean functions. An OBDD represents a
boolean function as a rooted, acyclic, directed, and labeled graph. As an example,
we represent in Figure 1.1, on the right, the OBDD of the boolean function

f = x1 ^ (x2 () x3)

with respect to the variable order � = hx1 < x2 < x3i. Each branch de�nes a set
of variables (truth value) assignments, and the leaf labeling gives the corresponding
function value. The rightmost branch, for example, corresponds to the computation
paths for f(0 ), all evaluating to 0. The OBDD for f maintains exactly the same
information of the ordered binary decision tree in Figure 1.1, on the left; however,
it avoids redundant information like isomorphic subgraphs and useless test nodes.
More precisely, the OBDD data structure can be de�ned upon the transformation
rules below, that apply to ordered binary decision trees (see De�nition 1.1.1). Let
� = hx1; : : : ; xni be a linear order over the set of variables of a boolean function f .

De�nition 1.1.1 (Ordered Binary Decision Tree) The Ordered Binary Decision
Tree of the boolean function f : f0; 1gn 7! f0; 1g, with respect to the variable order
� = hx1; : : : ; xni, is the complete labeled binary tree in which:

� each internal node v, at depth i, is labeled var(v) = xi and has two outgoing
edges labeled 0 (dotted edge) and 1 (not dotted edge), respectively.
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Figure 1.1: The ordered binary decision tree, an unreduced OBDD and the OBDD
for f = x1 ^ (x2 () x3) and � = hx1; x2; x3i

� each leaf is labeled with a value in f0; 1g

� for all �x 2 f0; 1gn and z 2 f0; 1g, f(�x) = z if and only if the only path of edges
labeled �x in the tree ends onto a leaf whose label is z.

In the transformation rules below, we call low(v) the node pointed by the edge having
label 0 and leaving vertex v. We call high(v) the node pointed by the 1 labeled edge
leaving v.

1. Remove Duplicate vertices

If the vertices u and v are such that var(u) = var(v), low(u) = low(v), and
high(u) = high(v), then eliminate one of the two vertices and redirect all in-
coming edges to the other vertex.

2. Remove Redundant Tests

If the nonterminal vertex v has low(v) = high(v), then eliminate v and redirect
all incoming edges to low(v).

Applying the above rules to an ordered binary decision tree, T , an arbitrary number
of times we obtain a diagram structure called unreduced OBDD (see Figure 1.1). Once
no reduction is possible, any more, we have an OBDD.

De�nition 1.1.2 (Ordered Binary Decision Diagram (OBDD)) The Ordered
Binary Decision Diagram of the boolean function f : f0; 1gn 7! f0; 1g, with respect to
the variable order � = hx1; : : : ; xni, is the acyclic directed labeled graph obtained by
removing all duplicate vertices and redundant tests from the � ordered binary decision
tree of f .

The idea of avoiding redundancy, in a decision tree, by the transformation rules
introduced above cames back to Lee and Akers [74, 3, 83]. However, at the beginning
these ideas were not constrained to any variable ordering and result in structures
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computationally hard to deal with. In [14] Bryant proved that, by �xing a variable
ordering, it was possible to obtain a canonical boolean function representation. Be-
sides canonicity, the ordering over variables was also the engine of computationally
e�cient composition procedures.

1.1.1 The Variable Order Problem

The size and the form of an OBDD representing a boolean function strongly depends
on the chosen variable ordering. As an example, consider the function:

g6 = (x1 () x2) _ (x3 () x4)

with respect to the two variable orderings �1 and �2, where �1 = hx1; x2; x3; x4i and
�2 = hx1; x3; x2; x4i . In the �rst case the OBDD has 6 internal nodes (see Figure
1.2, on the left). In the second case, instead, the OBDD number of internal nodes
explodes to 9 (see Figure 1.2, on the right).
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Figure 1.2: The OBDDs representing (x1 () x2) _ (x3 () x4) with respect to
the variable orderings �1 = hx1; x2; x3; x4i and �2 = hx1; x3; x2; x4i , respectively

In general, the OBDD representing the function g2n = (x1 () x2) _ : : : _
(x2n�1 () x2n) has a size which is linear, with respect to n, if the under-
ling variable ordering is �1 = hx1; x2; x3; : : : ; x2ni ; it exposes instead an exponen-
tial size, with respect to the number of variables, if the chosen variable ordering is
�2 = hx1; x3; : : : ; x2n�1; x2; x4; : : : ; x2ni . The intuition, underling the above behavior,
is that the �rst n levels of the OBDD having exponential size must form a complete
binary tree: in fact, the result of g2n is completely unpredictable if the value of none
even variable is known. Such an intuition is formalized by Lemma 1.1.3, below, due to
Wegener and Sieling [114, 100]. We use the notation f jxi=0 to indicate the boolean
function f(x1; : : : ; xn)^ (xi = 0) and we say that a function f essentially depends on
xi if f jxi=0 6= f jxi=1.
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Lemma 1.1.3 Let G be the OBDD for f : f0; 1gn 7! f0; 1g with respect to the variable
ordering hx1; : : : ; xni. Let Si be the set of di�erent subfunctions f jx1=c1;:::;xi�1=ci�1

which essentially depend on xi, where c1; : : : ; ci�1 2 f0; 1g. For each function g 2 Si

the OBDD G contains exactly one node labeled xi which represent g. The OBDD G
does not contain further internal nodes.

In the terminology of [114] functions like the one presented in Figure 1.2, for
which there exist both polynomial and exponential size OBDDs, are called well be-
haved. There exist functions that have only exponential size OBDDs: these functions
are referred to as bad functions in [114]. As an example, the boolean functions rep-
resenting either of the middle two outputs of an n bit multiplier have exponential
size OBDDs, as proved by Bryant in [14, 15]. A further class of boolean function is
that of good functions which have polynomial size OBDDs for any variable ordering.
An example of such kinds of functions is given by symmetric functions, whose value
depends only on the number of arguments equal to 1 [15].

In [9] Bollig and Wegener proved that the problem of �nding the best ordering,
with respect to the OBDD size of a given function, is NP-complete. Later, in [100]
Sieling proved that the best variable ordering problem is hard to approximate, also.
Namely, for a boolean function f and for � � 1, let us call a variable ordering � an
�-approximation, if the OBDD-size for f and � is larger than the minimum OBDD
size for f , by a factor of at most �. For each constant � � 1 the computation of �-
approximations is NP -hard [100]. Hence, heuristics are the only possibility to obtain
good variable orderings. To date many of such heuristics have been introduced in
literature and successfully implemented in many OBDD packages: we refer to [114, 40]
for more details on the topic.

1.1.2 OBDD Construction and Composition

Building the OBDD representation of a boolean function, as well as performing
boolean composition, involves the same core OBDD operation: the Apply opera-
tion [14, 15]. The Apply operation takes as input two argument OBDDs, Gf and
Gg, representing two boolean functions, f and g, and a boolean operation to per-
form their composition (e.g. And, Or, Nand, Xor). The result of computing
Apply(Gf ; Gg; hopi) is the OBDD representing fhopig.

The Apply algorithm relies on the shannon expansion of a boolean function
around a variable x:

f = (:x ^ f jx=0) _ (x ^ f jx=1)

Any operation of boolean composition, hopi, commute with shannon expansion i.e. it
holds:

fhopig = (:x ^ f jx=0hopigjx=0) _ (x ^ f jx=1hopigjx=1)

Thus, it is possible to devise a recursive procedure which compute fhopig while depth
�rst traversing the input OBDD arguments. More precisely, the computation starts on
the couple of vertices of the input OBDDs, say m and m0, and recursively performs
one of steps below. The completion of each step produces a node, hm;m0i in the
OBDD for fhopig.
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� If m and m0 are sinks labels a; b 2 f0; 1g, then hm;m0i is a sink node with label
ahopib;

� if m and m0 are internal nodes labeled with the same variable xi, then hm;m0i
is a node having:

{ var(hm;m0i) = xi;

{ high(hm;m0i) equal to the result of Apply(high(m); high(m0); hopi);

{ low(hm;m0i) equal to the result of Apply(low(m); low(m0); hopi).

� otherwise, if m;m0 are labeled with di�erent variables, assume, without loss of
generality that var(m) > var(m0). Then, hm;m0i is a node such that:

{ var(hm;m0i) = var(m0);

{ high(hm;m0i) equal to the result of Apply(high(m);m0; hopi);

{ low(hm;m0i) equal to the result of Apply(low(m);m0; hopi).

To prevent multiple recursive evaluations on the same couple of OBDDs sub-
graphs, an hash table, called the computed table, is used. The computed table keeps
trace of each couple of nodes that causes a recursive call to be done, together with
the output OBDD node produced. This way, whenever a couple of nodes in the com-
puted table is touched, recursive calls on subgraphs are prevented and the OBDD
node in the corresponding table position is returned. Hence, the time complexity of
Apply gets bounded by O(

P

hm;ni2Vf �Vg
jE�1

f (m)jjE�1
g (n)j) = O(jGf jjGgj), where

Gf = hVf ; Ef i and Gg = hVg; Egi. A second hash table, called unique table pre-
vents to produce an unreduced OBDD. The unique table maintains triples of the kind
hxi; R0; R1i, that refer to existing OBDD nodes having variable labeling equal to xi,
and pointing with the 0 labeled edge (1 labeled edge) to R0 (R1).

The Apply algorithm allows to implement a number of derived boolean functions,
also. In particular:

� The complement �f of a boolean function can be computed as the xor of f and
the constant 1. A more e�cient implementation consists in redirecting to 1 sink
each edge linked to a 0 sink, and viceversa.

� The restriction of a function around one of its variables can be de�ned as f jx=a =
f ^ (x = a). A more e�cient implementation involves a unique depth �rst
traversal of the input OBDD. Such a visit redirects each edge reaching a node
labeled x to low(v), if a = 0, or high(v) if a = 1; moreover it uses a unique
table to avoid having an unreduced OBDD in output.

� Universal quanti�cation around a variable, 8xf can be computed as f jx=0 ^
f jx=1.

� Existential quanti�cation around a variable, 9xf can be computed as f jx=0 _
f jx=1.
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By the canonicity of the OBDD representation, the operation of comparing two
functions consists in checking if the pointer to their OBDD representation is the same.

As far the reduction of an unreduced OBDD, Gf , is concerned, an O(Vf log Vf )
algorithm is presented in [14, 15]. Later, Wegener improved the result by presenting an
O(Vf ) Reduce algorithm [101]. Finally, we brie
y recall the possibility of e�ciently
performing both satis�ability tests of OBDD represented functions, and the count
of the number of inputs evaluating to 1 (SAT-count). To perform a satis�ability
test, it is su�cient to check if there is some edge linked to the 1-sink. To count the
number of paths leading to a 1-sink, an O(jGf j) algorithm can be designed, relying
on the following considerations. If N(w) paths lead to the OBDD node w, then half
of these paths goes on along low(w) and the other half follows high(w). Thus, it is
su�cient to initialize N(w) = 0 for all nodes in Gf but for the root, r, that is assigned
N(r) = 2n. The values N(w) are then updated upon a levelwise top-down visit of Gf .
The �nal label N , that comes to be associated to the 1-sink, represents the number
of inputs evaluating to 1. We refer to surveys in [15, 114, 40, 104] for more details on
the OBDD operations described in this section.

We conclude by recalling that various packages have been developed to manipu-
late OBDDs: Somenzi’s CUDD at Colorado University [105], Lind-Nielsen’s BuDDy,
Biere’s ABCD package, Janssen’s OBDD package from Eindhoven University of Tech-
nology, Carnegie Mellon’s OBDD package, the Berkeley’s CAL [96], K. Milvang-
Jensen’s parallel package BDDNOW, and Yang’s PBF package. All these packages are
endowed with a number of built-in operations such as equality test and the boolean
operations described throughout this section.

1.2 Symbolic Graph Representation and Manipula-
tion via OBDDs

Any notion or structure that can be encoded in terms of boolean functions can be
represented by means of OBDDs. OBDDs were used to deal with hard combinatorial
problems, relying on the boolean representations of variables and constraints [73].
In veri�cation, OBDDs were used to encode the graph structure resulting from the
modeling process. The way sets and graphs can be expressed in terms of boolean
functions was �rst suggested by Bryant [14, 15]. Later, Ken McMillan proposed
symbolic model checking i.e. a model checking framework in which the computation
is completely performed on OBDD represented graph structures. In this context basic
operations to deal with graph analysis, as computing the successors of a given node,
were studied.

1.2.1 OBDD based Graph Representation

Consider a graph G = hV;Ei. G can be represented by means of OBDDs relying on
the following considerations:

� Each node is encoded as a binary number i.e. V = f0; 1gv. Hence, a set U �
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V is a set of binary strings of length v whose characteristic (boolean) function,
�U (u1; : : : ; uv), can be represented by an OBDD;

� E � V � V is a set of binary strings of length 2v whose characteristic (boolean)
function, �E(x1; : : : ; xv; y1; : : : ; yv), can be represented by an OBDD.

Hence, in the best case the OBDD representation of a graph has a size that is linear
with respect to the log(E) variables necessary to encode E. In the worst case the size
of an OBDD represented graph explodes to �(V + E).

Example 1.2.1 Consider the graph represented in Figure 1.3. To give an OBDD
representation of such a graph, we need to encode its nodes with a 3-variables boolean
code, hx1; x2; x3i. Accordingly, 6 variables are necessary, namely hx1; x2; x3; x

0
1; x

0
2; x

0
3i,

to give a symbolic representation of the graph relation. We depict in Figure 1.3, on
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Figure 1.3: A graph and the OBDD representation of its relation, with respect to the
variable ordering hx3; x

0
3; x1; x2; x

0
1; x

0
2i

the right, the OBDD encoding of the graph relation, with respect to the variable
ordering hx3; x

0
3; x1; x2; x

0
1; x

0
2i. Note that, using the alternative variable ordering

hx1; x
0
1; x2; x

0
2; x3; x

0
3i, we would obtain an OBDD having exponential size with re-

spect to the number of variables. In fact, the �rst three levels of the resulting OBDD
would be a complete binary tree.

In [98], Sawitzki, discusses a number of graph topologies for which there exists
a variable ordering that guarantees an OBDD representation having logarithmic size
with respect to the graph size.

1.2.2 Computing on Symbolic Graphs

Symbolic computation on OBDD represented graphs is based on symbolic manipula-
tion of sets of nodes and edges. The following operations on sets of nodes and edges
are usually considered as basic graph operations in symbolic computation [26, 104]:

� boolean set-composition operations. We will use the standard notation [;\ : : :
to denote set-composition operations;
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� image (post) and pre-image (pre) computation: given a direct graph G = hV;Ei
and a set of nodes A � V , post(A) and pre(A) are de�ned as follows:

post(A) = fv 2 V j v 2 E(A)g pre(A) = fv 2 V j v 2 E�1(A)g

In an undirected graph the operations pre and post get to be equivalent and, in
this context, we will use the notation img.

� In [5, 104] the operation of extraction of a singleton from a set of graph nodes,
pick(A), A � V , is used;

� graph relation composition.

Each of the above mentioned basic graph operations is implemented as a single
OBDD operation. More precisely, using the Apply procedure it is possible to perform
each boolean operation of set-composition. For example, the union of two OBDD
represented sets of nodes, A, B, is implemented as Apply(A;B;_) in time O(jAjjBj).
Given a symbolic set, A, extracting a singleton is simply implemented by retrieving
an OBDD path evaluating to 1.

The basic task of obtaining the set of nodes on the adjacency list of a given (set
of) vertices is performed using the so called Relational Product OBDD opera-
tion [26, 78, 104]. Composing relations and, hence, computing on sets of edges is
also realized through relational products. Unlike the OBDD operations implementing
set-composition, the relational product can cause an exponential blow up of the ma-
nipulated OBDDs. More precisely, while Apply complexity is polynomial in the sizes
of the input OBDDs, the relational product complexity is exponential in the number
of variables of the manipulated OBDDs [15, 78, 104].

The Relational Product

Consider a set of nodes in G = (V;E) and assume to have it represented by means
of an OBDD A(x1; : : : ; xn): Let E(x1; : : : xn; y1; : : : yn) to be the OBDD representing
the graph relation. Then, the set of nodes on the adjacency list of at least one element
in A(x1; : : : ; xn), is given by the following boolean function

9x1; : : : xn(A(x1; : : : ; xn) ^ E(x1; : : : ; xn; y1; : : : ; yn))

More precisely, the above boolean function evaluates to 1, on the free variables
y1; : : : ; yn, if and only if the code of a node in the adjacency list of at least one
element in A(x1; : : : ; xn) is given. The general operation consisting in a combination
of conjunction and existential quanti�cation is called relational product.

It is possible to compute a relational product, 9�x(P (�y)hopiQ(�z)), by �rst building
the OBDD for P (�y)hopiQ(�z), and then quantifying on each required variable. How-
ever, this way it is necessary to de�ne an OBDD that depends on a number of variables
greater than the �nal result. This overload is of a double (number of variables) in
the special case of determining the set of nodes linked to a (set of) vertices: thus the
worst case size OBDD occurring overall the computation is quadratic with respect to
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the size of the output OBDD. For these reasons a special algorithm, RelProd, was
developed in [78], that never build intermediate OBDDs depending on the quanti�ed
variables. The pseudocode for the algorithm RelProd is given in Figure 1.4.

RelProd(f; g : OBDD represented boolean functions;X : set of variables)

(1) if (f = 0 _ g = 0) then return 0;
(2) if (f = 1 ^ g = 1) then return 1;
(3) if (f; g; r) is in the computed table then return r;
(4) let x be the topmost variable between f and g top variables
(5) r0 = RelProd(f jx=0; gjx=0;X);
(6) r1 = RelProd(f jx=1; gjx=1;X);
(7) if x 2 E then let r = r0 _ r1

(8) else let r = (x ^ r1) _ (:x ^ r0);
(9) insert (f; g; r) into the computed table;
(10) return r

Figure 1.4: The Relational Product algorithm

The procedure works upon a combined depth �rst visit of the two input OBDDs,
similarly to the Apply operation. Thus, each recursive call is associated to a couple
of nodes of the input OBDDs. If the leading labelling variable, say xi, is quanti�ed,
then an OBDD node is created: such node creation depends on an execution of Apply

subprocedure on two (recursively built) OBDDs, that do not depend on xi (line 7).
As some recursive calls need an Apply composition (lines 7{8), it seems not

possible to amortize a constant time to each couple of input OBDD nodes. In fact,
in [78], it is proved that, unless P = NP , quantifying a vector of O(n) variables, in
an OBDD that depends on n variables, requires a number of steps exponential in n.
A simple bound to the complexity of RelProd is O(jCj22(n�k)), where jCj is the
size of the produced �nal OBDD and k is the number of quanti�ed variables. The
bound simply assess that there are at most jCj recursive calls, each one of cost at most
O(22(n�k)): in fact the maximum sizes of the OBDDs built, overall the computation,
is O(22(n�k)). Note that no better bound is known, to date, and that performing
composition and quanti�cation in two separate steps results in a procedure having
the same (time) complexity.

1.3 Symbolic Graph Algorithms: State-of-the-Art
and Opening Discussion

To take advantage of OBDD-synthesis, symbolic graph algorithms should operate on
sets of nodes and/or edges rather than on single graph elements. In fact, on the one
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hand, this way each OBDD operation hopefully processes many nodes and/or edges in
parallel. On the other hand, for example, computing the vertices on the adjacency list
of one node has the same worst case complexity as obtaining the vertices linked to a set
of nodes. The above characteristic should be somehow inherent to a proper de�nition
of symbolic algorithm and poses strict constraint on the possibility of rearranging
classical algorithm in the symbolic setting.

Apart from the agreement on this general suggestion [115, 104, 6], there is no
de�nite assessment, in the literature, of what a good symbolic algorithm is, on how
evaluating complexity of symbolic procedures, as well as on how comparing symbolic
algorithms.

1.3.1 Complexity of Symbolic Graph Algorithms

A natural question that arises when algorithmically approaching graph problems,
assuming a symbolic data representation, is the following: which is the complexity of
the graph problem with respect to the dimension of the input symbolic representation?
This question has been considered in [45], for very simple graph problems. In the next
subsection we show how it deserves an answer that, one one hand sounds bad but, on
the other hand, is rather natural and leaves open a number of ways to proceed.

The PSPACE Completeness Barrier [45]

In [45] the GAP problem is considered; namely, given a directed graph G and two
nodes, s; t, the GAP problem simply asks if there is a path in G from s to t. The
authors of [45] show that it is possible to encode as a GAP problem each decision
problem on a polynomial space bounded Turing machine. The graph underling the
encoding represents all possible con�gurations and transitions of the Turing machine
and it is shown to have a succinct, polynomial in the number of variables, OBDD
representation: hence the GAP problem is PSPACE complete with respect to the
dimensions of a symbolic input representation.

However, if the number of nodes of the manipulated (explicit) graph are consid-
ered, the above result simply assess that it is not possible to use OBDDs to de�ne
polylogarithmic algorithms for GAP as well as more complex graph problems. It re-
mains possible to devise OBDD-based algorithms that solve always polinomially the
above problems and \often" with sublinear space and/or time. In fact, these char-
acteristics are shared by all the symbolic graph algorithms de�ned, since now, in the
veri�cation �eld. It follows that, beyond the PSPACE barrier, a number of questions
as well as of promising research perspective remain open:

� Having large distance between worst and best case for most symbolic graph
algorithms de�ned in the veri�cation �eld, classical worst case analysis is not
satis�able (consider, for example, exactly the GAP problem which is polyloga-
rithmic in the best case and polynomial in the worst case, with respect to the
dimensions of the explicit represented graph). Which parameters have to be
considered to compare symbolic algorithms?
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� Are there classes of graphs for which GAP, or more complex graph problems,
result polylogarthmic assuming an OBDD representation?;

� Are there classes of graph problems whose worst case (polynomial) complex-
ity is the same assuming both an explicit and a symbolic representation (thus,
the middle case space and time complexities are better for symbolic represen-
tations)?

Comparing Symbolic Algorithms: Discussion on Current Approaches

Even if there is no assessment, in the literature, with respect to how evaluating and
comparing symbolic algorithms, some directions and parameters have been isolated.
In this subsection, we start discussing them and we �nally give the framework we use
in this thesis, to evaluate and comparing symbolic algorithms.

Most authors in the veri�cation and model checking community, evaluate a sym-
bolic algorithm counting the number of OBDD operations performed [78, 48, 16, 26].
In [5, 104] the notion of symbolic steps was introduced, capturing the fact that sym-
bolic operations based on relational product can cause an explosion of the input
OBDD size. Thus, the asymptotic number of symbolic steps, i.e. of relational prod-
uct operations, is taken as a measure of symbolic algorithms performance. Indeed,
each computation that processes an OBDD on n variables with log(n) set-composition
operations, can get to a worst case size OBDD. Thus, the symbolic steps approach is
worthwhile as long as the number of packages of log(n) consecutive set-composition
operations, manipulating the same OBDD, does not grow too much.

Indeed, comparing symbolic procedures exclusively on the ground of bounds on the
number of general, as well as speci�c, OBDD operations is not fair: this way, in fact,
the sizes of the manipulated OBDD sizes is not taken in account anyway. To consider
OBDD sizes also, it is possible to use, as a performance parameter, the number of
variables of intermediate OBDDs manipulated, also. The importance of having the
variables number as low as possible was recognized by various authors [104, 48, 6].
As a matter of fact multiplying by a constant k the number of variables on which an
OBDD depends, means exploding its worst case size, say S, to Sk. The algorithms
de�ned overall this thesis will use at most 2n variables, where n is the number of
variables needed to encode the graph vertex set. 2n variables allow to compute on
sets of nodes using pre and post operations and leaving untouched the relation of the
graph. In a certain sense, hence, this is the minimum number of variables needed to
get some information from the graph relation.

In [97, 98, 116] Sawitzki and Woelfel do not pose any strict constraint to the
number of variables in the computed OBDD. As an example the topological algorithm
in [116] requires 4n variables and relies on computing the transitive closure of the input
graph relation. The purpose in [97, 98, 116] is, on the one hand, that of exploiting the
power of graph relation composition to which it is possible to apply speedup strategies
as iterative squaring [16]. On the other hand, the author in [97, 98, 116] avoid the
problems related to the likely huge intermediate OBDD sizes, largely experimentally
recognized in the veri�cation community [5, 104, 109], by imposing strict constraint
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on their graph topology (very regular graphs as grids are considered). Computing on
so regular graphs guarantees to have all intermediate OBDDs of size polynomial in
the number of variables: hence, the complexity analysis is carried on in the classical
way and the costs obtained are polylogarithmic.

Comparing Symbolic Algorithms: Parameters used in this Thesis

In this dissertation, we take deeply into account suggestions coming from the great
deal of experimental work done in symbolic model checking. In fact, on the one hand
we do not want to pose too much strict constraints on graph topologies dealt with.
On the other hand, we want our algorithms to be applicable in veri�cation.

Following [78, 26, 104, 5, 48], our graph connectivity symbolic algorithms will
work on sets of nodes, rather than edges, thus minimizing the number of variables in
intermediate OBDDs (as well as their worst case sizes).

Fixed the number of variables at disposal, we will use the asymptotic number
of symbolic steps, that we de�ne as OBDD single operations (rather than special
operations as relational products [5]) to compare algorithms. This way, we would
be able to compare our procedure with symbolic algorithms for the same purpose
previously de�ned [117, 5, 42].

1.3.2 Symbolic Graph Algorithms

We now turn out to present the symbolic graph algorithms developed, to date, in the
literature. As we already observed, since symbolic graph algorithms should work on
sets of graph elements, it is not always possible to translate classical algorithms into
e�cient symbolic procedures. The simple problem of exploring a graph is signi�cant
to this purpose. Symbolically, the problem can be e�ciently tackled in a breadth �rst
manner: sets of nodes having increasing distance from the source-node are considered
and the diameter of the graph is a bound on the number of symbolic steps necessary
to complete the discovering. To perform depth �rst search (DFS) instead, you need
computing an order over nodes. This order is associated to depth of nodes in the paths
subsequently discovered. Thus, it is necessary to maintain an overall (discovering
time) vertex-labelling and to subsequently take into consideration a node at a time
(according to such a labelling). As a result, DFS is intractable in a symbolic setting
[104, 5]. Recently, a graph-problem that, in the explicit setting, is linearly solved
starting from a DFS visit, has been tackled in the area of veri�cation. Motivated by
the possibility of speeding up some model checking algorithms, the authors of [117, 5]
proposed two symbolic algorithms to �nd the strongly connected components of a
directed graph. Both the algorithms compute the strongly connected components of
a node, v, by intersecting two, breadth �rst discovered, vertex-sets: the set of nodes
having a path to v (backward-set) and the set of nodes that can be reached by v
(forward-set). Moreover, both algorithms need the same number of variables, in that
they both manipulate sets of nodes: the procedure in [5] outperforms the one in [117]
in that it needs O(V log(V )) rather than O(V 2) symbolic steps.
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The designing of the symbolic graph algorithms for bisimulation reduction has
also been proposed in the area of model checking [12, 47, 26, 99]. The �rst sym-
bolic bisimulation algorithms [12, 26] obtained the bisimulation equivalence over the
graph vertex set as a minimal �x-point relation, starting from the universal relation.
Later, [48] proposed bisimulation symbolic algorithms that do not manipulate rela-
tions but, rather, vertex-sets partitions: this way the number of variables involved in
the computation is cut in half.

All the above symbolic procedures were deeply experimentally analyzed on a data
set derived from graphs modeling systems in veri�cation. A data set of random
graphs, besides that of graphs deriving from model checking, was used to test the
algorithm in [62]. Such procedure solves, symbolically, the max
ow problem on 0-1
networks on graphs having more than 1030 nodes.

Finally, the authors in [97, 98, 116], developed a number of symbolic graph al-
gorithms (topological sorting [116], max
ow on 0-1 networks, all pair shortest paths
problem [98]) all relying on symbolic computation of transitive closure of graph rela-
tion. Transitive closure computation is well known, in model checking, to likely lead
to huge intermediate OBDDs. Hence, even if it can be computed with only log(n)
iterations by iterative squaring it is avoided in model checking. However, the purpose
of [97, 98, 116] is that of posing strict constraint to graph topologies (very regular
graphs as grids are considered) so as to guarantee succinct intermediate OBDDs and
polylogarithmic procedures.
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2
DFS and Strongly Connected

Components in a Symbolic
Setting

Strongly Connected Components (SCC) decomposition is a fundamental graph prob-
lem. Applications of strongly connected components analysis are well known in con-
texts where massive graphs are manipulated as WWW [13, 112] and model checking
[5, 117]. The classical SCC algorithm by Tarjan [106] can not be translated in frame-
works used, in the above contexts, to deal with massive data-sets as external memory
and symbolic (OBDD based) algorithms. In this chapter, we face exactly the prob-
lem of symbolically computing the strongly connected components of a given graph,
enhancing on previous works [117, 5]. More broadly, our results will prove the key for
e�cient translating, in the symbolic framework, those graph (connectivity) algorithms
that are classically solved upon a graph depth �rst search traversal.

2.1 Strongly Connected Components in the Explicit
and Symbolic Frameworks

In this section we brie
y recall necessary basic concepts concerning the strongly con-
nected components problem. Further, we review existing computational strategies
(and challenges) to solve the SCC problem assuming classical and symbolic graph
representations.

2.1.1 The SCC problem

A digraph G = hV;Ei is strongly connected if, for any pair of nodes (v; u), v and u
are mutually reachable in G (v! u). Given a digraph hV;Ei the relation of mutual
reachability ! is an equivalence relation over V .

De�nition 2.1.1 (Strongly Connected Components) The strongly connected
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components of G = hV;Ei are the elements of the partition on V induced by the
relation of mutual reachability.

The SCC problem consists in determining the strongly connected components of a
given digraph G = hV;Ei. We will use the notation sccG(v) (or simply scc(v)) to
refer to the strongly connected component of v in G = hV;Ei. sccG(v) is said to be
trivial if it is equal to fvg .

De�nition 2.1.2 (Scc-Closed Vertex-Set) Given G = hV;Ei, let U � V . U is
said to be scc-closed if, for all vertices v 2 V , either scc(v) \ U = ; or scc(v) � U .

It is immediate to see that boolean combinations of scc-closed sets are scc-closed.
Lemma 2.1.4, whose proof is immediate (see [117]), relates some of the above de�ned
notions and ensures the correctness of the symbolic scc-algorithms in [117, 5].

De�nition 2.1.3 (Backward and Forward Sets) Let G = hV;Ei be a digraph
and U � V be a set of nodes. We de�ne the backward set of U , denoted by BWG(U),
as the set of nodes that reach U . Conversely, we de�ne the forward set of U , denoted
by FWG(U), as the set of nodes reachable from U .

Lemma 2.1.4 Let G = hV;Ei be a digraph. Consider the subgraph G0 = hU;E � Ui
where U � V is scc-closed. For all v 2 U , both FWG0(v) and BWG0(v) are scc-closed
and

sccG(v) = FWG0(v) \BWG0(v)

2.1.2 Explicit vs Symbolic SCC Computation

Using explicit data structures (as adjacency lists) for graph representation, the SCC
problem can be e�ciently solved by the well known Tarjan algorithm [106]. Tarjan’s
algorithm decomposes a digraph, G = hV;Ei, in its strongly connected components
within time (and space) �(V + E). The key for obtaining an optimal complexity, in
[106], is that of having an ordering that drives SCC computation. Such an ordering
is devised upon the �nishing labeling of a depth �rst graph traversal.

If DFS visit is the engine of e�ciency in a classical explicit framework, it turns
out to be a source of problems when the symbolic framework is considered. In fact,
on the contrary of BFS traversal, DFS visit can not be adapted to work symbolically
on sets of nodes and needs proceeding upon a sequential discovering, and labeling, of
each graph vertex.

In symbolic model checking, SCC decomposition is a useful preprocessing step
for many veri�cation algorithms [5, 117]. Hence, a number of authors try to devise
e�cient symbolic computational strategies for SCC analysis. The �rst symbolic al-
gorithm devised dates back to 1995 [16], and relies on symbolic computation of the
transitive closure of the graph relation. Computing the transitive closure of a graph is
largely experimentally proved, in model checking [117, 109, 104, 5], to su�er of huge
intermediate OBDD sizes: indeed it relies on manipulating and composing a rela-
tion and, hence, needs the double of variables than an OBDD algorithm that simply
manipulates sets of nodes.
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In [117] an SCC algorithm manipulating sets of nodes, leaving untouched the
graph relation, is devised. The simple algorithm in [117] is based on Lemma 2.1.4. In
each iteration, a node v is chosen at random. Both the backward set, BW (v), and
the forward-set, FW (v), are then computed by a breadth �rst traversal, and �nally
intersected to obtain scc(v). The number of symbolic steps used in [117] is O(V 2). In
[5] an SCC symbolic algorithm improving on [117] is proposed. Namely, the procedure
in [5] uses a sort of process the smallest half strategy to obtain strongly connected
components decomposition within O(jV j log(jV j) symbolic steps.

No symbolic SCC algorithm, to date, uses any ingredient providing an ordering
that drives computation (whereas classical Tarjan SCC procedure takes advantage
exactly of DFS-based nodes ordering to obtain linear performances). In this chapter
we try cover this gap introducing a special technique, the spine-sets, that serves as
a symbolic counterpart of DFS ordering and allow to de�ne a symbolic O(V ) SCC
procedure.

2.2 Spine-Sets: a Symbolic Counterpart to Depth-
First Search Visit

We introduce here the notion of spine-sets, that will result central in our framework.
A spine-set allows to implicitly encode an ordering, suitable for the e�cient symbolic
computation of strongly connected components. In this sense, spine-sets are, within
the design of connectivity algorithms, a sort of symbolic counterpart to the use of
DFS.

A path (v0; : : : ; vp) in a graph G is said a chordless path if and only if for all
0 � i < j � p such that j � i > 1, there is no edge from vi to vj in G.

De�nition 2.2.1 (Spine-set) Consider a graph G having vertex-set V and edge-set
E. Let S � V . The pair hS; vi is a spine-set of G if and only if G contains a chordless
path with vertex-set S that ends at v. The node v is called the spine-anchor of the
spine-set hS; vi.

It is immediate to verify that a spine-set is associated to a unique chordless path.

On this ground, we use the notation
����
v0 : : : vp to express the fact that hfv0; : : : ; vpg; vpi

is a spine-set of G associated to the chordless path (v0; : : : ; vp). Though simple,
Lemma 2.2.2 is signi�cant in that it allows to view a spine-set as an implicitly ordered
set.

Lemma 2.2.2 If
����
v0 : : : vp and p > 0, then E�1(vp) \ fv0; : : : vpg = fvp�1g and

����
v0 : : : vp�1

Proof. Each subpath of a chordless path is clearly a chordless path. Hence,
����
v0 : : : vp�1

and vp�1 � E�1(vp) \ fv0; : : : vpg. The expression vp�1 � E�1(vp) \ fv0; : : : vpg also
holds in that, otherwise, there would be some edge from a spine-set node vj to vp,
with p� j > 1.

Subsection 2.2.1 relates spine-sets to the strongly connected components of a digraph.
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2.2.1 Spine-Sets and Strongly Connected Components

Consider digraph G = hV;Ei.

Lemma 2.2.3 Given the spine-set
����
v0 : : : vp in G = hV;Ei, there is a minimum 0 �

t � p and a maximum 0 � l � p such that:

1. scc(vp) \ fv0; : : : ; vpg = fvt; : : : ; vpg ^ scc(v0) \ fv0; : : : ; vpg = fv0; : : : ; vlg;

2. if t 6= 0, then
����
v0 : : : vt�1 and fvt�1g = E�1(scc(vp) \ fv0; : : : ; vpg) \ S;

3. if l 6= p, then
����
vl+1 : : : vp.

Proof.

1. Let scc(vp) to contain the spine-set node vj . We prove that, for all j < k < p,
vk 2 scc(vp). Let j < k < p. By de�nition of spine-set, there is a path from vk

to vp. By vj 2 scc(vp), there is a path from vp to vj and hence, using again the
de�nition of spine-set, there is a path from vp to vk.

An analogous reasoning schema allows to conclude that there exists a maximum
0 � l � p such that scc(v0) \ fv0; : : : ; vpg = fv0; : : : ; vlg.

2. Follows from Item 1, from de�nition of spine-set, and from the fact that each
subpath of a chordless path is a chordless path.

3. Follows from Item 1 and from the fact that each subpath of a chordless path is
a chordless path.

By the above lemmas, in a digraph the nodes of a spine-set can be assigned to their
strongly connected components in the order induced on them by the spine-set. In
the next section we state an analogous result in the framework of the biconnected
components of an undirected graph. This comes not by chance and depends on the fact
that the order induced by a spine-set gives information on the depth of the spine-set
nodes in a path of the graph. Both the symbolic connectivity algorithms presented in
the rest of this thesis, use spine-sets to drive the computation on opportune breadth-
�rst discovered scc-closed (bcc-closed) subgraphs. Thus, despite the vertex-set is
always explored in a breadth �rst search manner, globally, the strongly connected
components (biconnected components) get produced in a piecewise depth �rst order.
In the symbolic scc-algorithm, the scc-closed sets computed are forward-sets of a
spine-anchor. Some important properties about such sets are stated in Lemma 2.2.4.

Lemma 2.2.4 Let hS; ui be a spine-set in G = hV;Ei and scc(hS; ui) =
S

w2 S scc(w):
Then, FW (u) \ scc (hS; ui) = scc (u).
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Proof. Clearly FW (u)\scc(hS; ui) � scc(u). To prove the opposite inclusion, notice
that since both FW (u) and scc (hS; ui) are scc-closed, FW (u) \ scc (hS; ui) is scc-
closed. Let w be such that scc (w) � FW (u) \ scc (hS; ui). We prove that scc (w) =
scc (u). From the fact that scc (w) � FW (u), we have that w is reachable from u.
By scc (w) � scc (hS; ui), there exists w0 such that w0 2 S and scc (w) = scc (w0). u
is reachable from w0 since w0 2 S and hS; ui is a spine-set. By scc (w) = scc (w0), we
conclude that u is reachable from w.

The skeleton of a forward set, introduced below, relates spine-sets and forward-sets.
It is practically a particular spine-set that will be used in our symbolic scc-algorithm
to drive the computation.

De�nition 2.2.5 (Skeleton of FW (v)) Let FW (v) be the forward-set of the vertex
v 2 V . hS; ui is a skeleton of FW (v) i� u is a node in FW (v) whose distance from
v is maximum and S is the set of nodes on a shortest path from v to u.

Lemma 2.2.6 Let FW (v) be the forward-set of v 2 V . If hS; ui is a skeleton of
FW (v), then hS; ui is a spine-set in G = hV;Ei.

Proof. It follows immediately from the de�nition of spine-set.

2.3 Strong Connectivity on Symbolic Graphs

We focus here on strong connectivity. We show how the notions introduced in Section
2.2 allow us to design a symbolic scc-algorithm performing a linear number of sym-
bolic steps. We start by giving some intuitions about the procedure we are going to
arrange. In each iteration the strongly connected component of a node, v, is simply
determined by �rst computing FW (v) and then identifying those vertices in FW (v)
having a path to v. The choice of the node to be processed in any given iteration is
driven by the implicit order associated to an opportune spine-set. More speci�cally,

whenever a forward-set FW (v) is built, a skeleton of such a forward-set,
����
v0 : : : vp, is

also computed. The order induced by the skeleton is then used for the subsequent
computations. Stated in other words, scc(vp) will be the �rst strongly connected
component isolated in the scc-closed subset FW (v) n scc(v). In this way, the sym-
bolic steps performed to produce FW (v) are distributed over the computation of the
strongly connected components of the nodes in a skeleton of FW (v). This amortized
analysis is the key point for the linear complexity of the algorithm.

2.3.1 From Spine-Sets to a Linear Symbolic Strongly Con-
nected Components Algorithm

With this intuition, we outline in Figure 2.1 the pseudocode for our linear symbolic
scc-algorithm. The parameters of the procedure depicted in Figure 2.1 are a graph
hV;Ei and a pair hS; Ni. hS; Ni is either h;; ;i or S = fv0; : : : ; vpg � V , N = fvpg,

with
����
v0 : : : vp (i.e. hfv0; : : : ; vpg; vpi is a spine-set in hV;Ei).
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In case V is empty the routine terminates, otherwise the vertex for which the next
strongly connected component is computed is chosen.

symbolic-scc(V;E; hS; Ni)

(1) if V = ? then return;

{ Determine the node for which the scc is computed {
(2) if S = ? then N Pick(V);

{ Compute the forward-set of the the singleton N and a skeleton {
(3) hFW;NewS; NewNi  skel-forward(V;E;N);

{ Determine the scc containing N {
(4) SCC  N ;
(5) while ((pre(SCC) \ FW ) n SCC) 6= ? do
(6) SCC  SCC [ (pre(SCC) \ FW );

{ Insert the scc in the scc-Partition {
(7) SCC-Partition SCC-Partition [ SCC

{ First recursive call: computation of the scc’s in V n FW {
(8) V 0  V n FW ; E0  E � V 0;
(9) S 0  S n SCC; N 0  pre(SCC \ S) \ (S n SCC);
(10) symbolic-scc(V 0; E0; hS 0; N 0i)

{ Second recursive call: computation of the sccs in FW n SCC {
(11) V 0  FW n SCC; E0  E � V 0;
(12) S 0  NewS n SCC; N 0  NewN n SCC;
(13) symbolic-scc(V 0; E0; hS 0; N 0i)

Figure 2.1: The scc-algorithm performing a linear number of symbolic steps.

In case (S 6= ; and) N = fvpg, vp is chosen. Otherwise (S = ;) an arbitrary
element v 2 V is picked (assigning the singleton fvg to N). Then the subprocedure
skel-forward is invocated to compute the forward-set of the singleton N and a
skeleton, hS 0; u0i, of such a forward-set. The local variable FW maintains the just
mentioned forward-set whereas NewS and NewN maintain S 0 and fu0g, respectively.
In line (4) the local variable SCC is initialized to be the singleton N and then it
is augmented with the strongly connected component containing N (loop of lines
(5)-(6)). In line (7) the partition of scc’s is updated and �nally the procedure is
recursively called over:
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1. the subgraph of hV;Ei induced by V nFW and the spine-set of such a subgraph
obtained from hS; Ni by subtracting SCC (cf. Item 2 in Lemma 2.2.3);

2. the subgraph of hV;Ei induced by FW n SCC and the spine-set of such a
subgraph obtained from hNewS; NewNi by subtracting SCC (cf. Item 3 in
Lemma 2.2.3).

In Figure 2.2 the pseudocode of the subprocedure skel-forward is presented. It
is used within the execution of symbolic-scc to obtain the forward-set of a node
together with a skeleton of such a forward-set. The parameters of such a routine are

skel-forward (V;E;N)

(1) Let stack be an empty stack of sets of nodes
(2) L N

{ Compute the Forward-set of N and push onto stack the onion rings {
(3) while (L 6= ;) do
(4) push(stack; L);
(5) FW  FW [ L;
(6) L post(L) n FW ;

{ Determine a Skeleton of the Forward-set of N{
(7) L pop(stack);
(8) S 0  N 0  pick(L);
(9) while stack 6= ; do
(10) L pop(stack);
(11) S 0  S 0 [ pick(pre(S 0) \ L);
(12) returnhFW;S 0; N 0i;

Figure 2.2: The procedure for computing the forward-set of a node v together with a
skeleton.

a graph G = hV;Ei and a singleton N = fvg � V . The forward-set of the node in
input, v, is simply computed with a symbolic breadth �rst search [104, 93] i.e. by a
loop that discovers, in each iteration i, all the nodes of V having distance i from v.
In [93] the just mentioned sets are referred as onion-rings and are enqueued onto a
set-priority-queue to produce a counterexample of minimum length. In this context,
they are pushed onto a stack to produce a skeleton of FW (v).

Notice that the restriction of the transition relation in the two recursive calls is
only for the sake of clarity. As done in [5] the results of the image and pre-image
computations are intersected with V 0, so that we store in memory only the original
transition relation.



30 2. DFS and Strongly Connected Components in a Symbolic Setting

2.3.2 Soundness and Complexity Results

The soundness and completeness of the algorithm in Figure 2.1 are stated in Theorems
2.3.3 and 2.3.4, respectively. Throughout this section, we will use the notation V l

c to
indicate the variable V on line l within the c-th execution of symbolic-scc. Vc will
denote the value of the parameter V to the c-th call to symbolic-scc. An analoguous
notation will be adopted for all the variables in symbolic-scc. Lemma 2.3.1, below,
states that the subprocedure skel-forward(V;E; fvg) computes the forward-set of
v and a skeleton of FW (v).

Lemma 2.3.1 Let G = hV;Ei. Given v 2 V , the procedure skel-forward(V;E; fvg)
returns the triple of sets hFW (v);S 0; fugi where hS 0; ui is a skeleton of FW (v).

Proof. Upon the termination of each iteration, i, of the �rst loop in skel-forward,
it holds that

- L maintains the set of nodes at distance i from fvg;

- L is pushed onto the stack of vertex-sets, stack, and it is united to FW .

It follows that the �rst loop in skel-forward is executed dv times, where dv is the
maximum distance from v, of a vertex in V . Upon the termination of such a loop,
FW maintains the forward-set of fvg. Moreover, stack has length dv and w belongs
to the set in position i of stack if and only if w has distance i from v. Thus line
(8) assigns, to both N 0 and S 0, a singleton fug, where u is a node having maximum
distance from v. Then, the while-loop of lines (9)-(11) augment S 0 with the set of
nodes on a path of minimum distance from v to u. By De�nition 2.2.5, we conclude
that hS 0; ui is a skeleton of FW (v).

Lemma 2.3.2 Consider the execution of symbolic-scc on (V;E; h;; ;i) on hV;Ei.
In each recursive call c, to symbolic-scc:

(a) hVc; Eci is a subgraph of hV;Ei and Vc is scc-closed.

(b) N3
c = fvg � V and if Sc 6= ;, then hSc; Nci is a spine-set of hVc; Eci.

(c) sccG(v) is assigned to SCC7
c and hSCC7

c ; V
7

c nFW
7
c ; FW

7
c nSCC

7
c i is a partition

over Vc.

Proof. By induction on the number of recursive calls to symbolic-scc within the
execution of symbolic-scc(V;E; h;; ;i). The base case is immediate. We assume our
lemma true for the �rst c recursive calls and we sketch here the inductive step. Let
symbolic-scc(Vc0 ; Ec0 ; hSc0 ; Nc0i) be the recursive call from which the c + 1 call to
symbolic-scc is executed (hence c0 � c).

Inductive Step (Item (a)) V 7
c+1 is either V 7

c0 n FW 7
c0 or FW 7

c0 n SCC7
c0 . Hence, by

inductive hypothesis, hVc+1; Ec+1i is a subgraph of hV;Ei and Vc+1 is a scc-closed
subset of V .

Inductive Step (Item (b)) The values of Sc+1 and Nc+1 depend on whether the
c+ 1-th call to symbolic-scc corresponds to the �rst or to the second recursive call
within symbolic-scc(Vc0 ; Ec0 ; hSc0 ; Nc0i). In the �rst case, if Sc0 = ;, then line (9)



2.3. Strong Connectivity on Symbolic Graphs 31

initializes hSc+1; N c+1i to h;; ;i. Otherwise, by inductive hypothesis, hSc0 ; Nc0 = fvgi
is a spine-set in hVc0 ; Ec0i and SCC7

c0 = sccG(v). Hence, by Lemma 2.2.3 (item 2)
and Lemma 2.2.4, lines (8)-(9) in symbolic-scc initialize hSc+1; Nc+1i to a spine-set
in hVc+1; Ec+1i. In the second case, the inductive hypothesis, Lemma 2.2.3 (item 3),
Lemma 2.2.6, and Lemma 2.3.1, ensure that lines (11)-(12) in symbolic-scc initialize
hSc+1; Nc+1i to a spine-set in hVc+1; Ec+1i.

Inductive Step (Item (c)) By Lemma 2.3.1 and by inductive hypothesis, we have
that the strongly connected component of v in G is assigned to SCC7

c+1 and the
forward-set of v in hVc+1; Ec+1i is assigned to FW 7

c+1.
Thus, hSCC7

c+1; V
7

c+1 n FW
7
c+1; FW

7
c+1 n SCC

7
c+1i is a partition over Vc+1.

Theorem 2.3.3 (Soundness) Consider G = hV;Ei. If SCC � V is added to
SCC Partition within symbolic-scc(V;E; h;; ;i), then SCC is a scc of G.

Proof. Follows directly from Lemma 2.3.2 and Lemma 2.1.4.

Theorem 2.3.4 (Completeness) Consider G = hV;Ei. If v 2 V , then upon the
termination of symbolic-scc(V;E; h;; ;i), all the sccs of G belong to scc Partition.

Proof. By Lemma 2.3.2, in each recursive call, symbolic-scc(Vc; Ec; hSc; Nci), within
symbolic-scc(V;E; h;; ;i):

- Vc � V ;

- a strongly connected component of G, scc(v), is computed;

- symbolic-scc is recursively called over (V 0; E0; hS 0; N 0i) and (V 00; E00; hS 00; N 00i),
where hV 0; V 00; scc(v)i is a partition over V .

The thesis follows immediately.

By Lemma 2.3.5, below, each node can be inserted at most two times into a spine-
set, within the execution of symbolic-scc(V;E; h;; ;i). Lemma 2.3.5 is preliminary
to Theorem 2.3.6 about the complexity of symbolic-scc.

Lemma 2.3.5 Consider G = (V;E). Within symbolic-scc(V;E; h;; ;i), each v 2
V is inserted at most two times into a spine-set.

Proof. Consider the c-th recursive call, symbolic-scc(Vc; Ec; hSc; Nci), within the
execution of symbolic-scc(V;E; ;; ;). We proceed by induction on the number of
recursive calls and we prove that, 8v 2 Vc,

(a) If v 2 Vc n Sc, then v has never been inserted into a spine-set within the �rst
c� 1 recursive calls;

(b) if v 2 Sc, then v has been inserted exactly one time into a spine-set;

(c) within lines (1){(7) of the procedure symbolic-scc(Vc; Ec; hSc; Nci), v 2 Vc is
inserted into a spine-set at most one time;

(d) if the node v 2 Sc is inserted into a spine-set within lines (1){(7) of the procedure
symbolic-scc(Vc; Ec; hSc; Nci), then SCC7

c = scc(v).
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The thesis follows immediately from items (a){(d). We sketch here the proof of the
inductive step for items (a){(d) (the base case is immediate).

Consider v 2 Vc, with c > 1. Item (c) follows from the fact that a node can be
inserted into a spine-set only within line (4) of skel-forward; by Lemma 2.3.1, the
sets considered on such lines are mutually disjoint.

To prove the inductive step for Items (a){(b), assume that the c-th recursive
call to symbolic-scc was called within the c0-th execution of the procedure. If
c = c0 +1, then, by Lemma 2.3.2, Vc = Vc0 nFW (u) and Sc = Sc0 nscc(u), where fug =
N3

c0 . Hence, Items (a){(b), for the inductive step, follow directly from the inductive
hypothesis and from the fact that the nodes inserted into a spine-set, within the c0-
th execution of skel-forward, belong to FW (u). Otherwise (c > c0 + 1), the c-th
execution of symbolic-scc corresponds to the second recursive call within symbolic-

scc(Vc0 ; Ec0 ; hSc0 ; Nc0i)). In this case, note that the two vertex-sets considered by the
two recursive calls within symbolic-scc(Vc0 ; Ec0 ; hSc0 ; Nc0i) are disjoint. Hence, for
all c00 with c0 < c00 < c, v can not be inserted into a spine-set within symbolic-

scc(Vc00 ; Ec00 ; hSc00 ; Nc00i) (as v =2 Vc00). By Lemma 2.2.3, FW (N3
c0) \ Sc0 = scc(N3

c0)
i.e. Vc = FW (N3

c0) n scc(N3
c0) is disjoint from Sc0 . Moreover, the nodes in hSc; Nci

are nodes inserted into a spine within the c0 recursive call, and not yet assigned to
their scc. Thus, by inductive hypothesis, we have the validity of items (a){(b) for the
inductive step.

We �nally obtain the inductive step for item (d). By Lemma 2.3.1, if hSc0 ; Nc0i is
not empty spine-set, then hNewS3

c ; NewN
3
c i is a spine set in FW (Nc0). Hence, by

Lemma 2.2.4, Sc0 \NewS3
c � scc(N3

c ) and we obtain the validity of item (d) for the
c-th recursive call.

By Lemma 2.3.5, the linear number of symbolic steps performed by symbolic-scc is
immediate. In fact, each symbolic step in the loop of lines (5){(6) of symbolic-scc

assigns a set of nodes to its scc. Hence the global number of these symbolic steps
is O(jV j). The remaining symbolic steps, within skel-forward, are proportional
to the number of insertions into a spine-set. By Lemma 2.3.5 the number of these
insertions is bounded by O(jV j). Notice that counting boolean operations as well as
symbolic steps would not change the asymptotic complexity of our algorithm.

Theorem 2.3.6 (Complexity) Consider G = hV;Ei. symbolic-scc(V;E; h;; ;i)
performs O(jV j) symbolic steps.

Proof. Lines (1){(2) and (7){(13) of symbolic-scc contain a constant number of
symbolic steps. Since each recursive call produces a strongly connected component,
lines (1){(2) and (7){(13) of symbolic-scc perform, globally, O(jV j) symbolic steps.
Each symbolic step in the loop of lines (5){(6) in the main procedure assigns a set
of nodes to its scc. Hence the global number of these symbolic steps is O(jV j). The
remaining symbolic steps are performed within the procedure skel-forward. Within
an execution of skel-forward, the number of symbolic steps is proportional to the
number of sets popped from the stack upon the second loop termination. Whenever
a stack is popped from the stack, an insertion into a spine is performed. Hence, by
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Lemma 2.3.5, the global cost (in term of symbolic steps) of executing skel-forward

within symbolic-scc(V;E; h;; ;i), is linear in the size of V .

Figure 2.3 shows the relative sizes of the computed forward-sets and scc’s . FW (v1)
and scc(v1) are already computed when symbolic-scc(V;E; fvl; : : : ; vpg; vp) is called
and subsequently, FW (vp) is computed and scc(vp) is given in output. It is also

FW(v  )1

scc(v  )

v1

v2

vp
pFW(v  )p

Figure 2.3: Relative sizes of the computed forward-sets.

possible to express the complexity of the algorithm in Figure 2.1 in terms of the
diameter of G = hV;Ei, dG, and of the size of the scc-partition, NG. In detail, since in
each iteration of symbolic-scc a scc is detected through a forward-set computation,
the complexity expression O(min(jV j; NG � dG)) is immediately obtained.

We �nally observe that several heuristics to optimize the implicit scc algorithm in
Figure 2.1 are possible. In particular, the set T � V of nodes belonging to trivial scc’s
which do not reach any not-trivial scc could be quickly determined by the following �x-
point pre-computation: while (V 6= pre(V )) dofV  pre(V ); T  (V npre(V ))[Tg:
Each node in T is a trivial scc of the graph in input, thus a non-expensive preprocessing
determining T a-priori (alternative to an explicit enumeration of each node in T
within the main procedure), would make the algorithm in Figure 2.1 somehow \more
symbolic".
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3
A Symbolic Approach to

Biconnected Components
Computation

In this chapter we reuse the notion of spine-sets, introduced in Chapter 2, to devise a
symbolic algorithm for biconnected components graph decomposition in O(V ) sym-
bolic steps. The result enhances the role of spine-sets as a symbolic counterpart to
DFS graph traversal.

3.1 Biconnected Components in the Explicit and in
the Symbolic Framework

In this section we brie
y recall necessary basic concepts concerning the biconnected
components problem and its algorithmic solution within classical and symbolic frame-
works.

3.1.1 The BCC Problem

The notion of biconnectivity is the counterpart, in an undirected graph, of the notion
of strong connectivity.

Consider G = (V;E) and, from now on, assume that jEj � 1, G is connected,
and contains no self loops. A vertex a 2 V is said an articulation point of G if there
exist two distinct vertices v 6= a and w 6= a such that every path between v and w
contains a. Stated another way, a is an articulation point if the removal of a splits
G into two or more parts. G = (V;E) is biconnected if it contains no articulation
point. The biconnected components of G = (V;E) can be de�ned starting from the
following equivalence relation 	 on E.

De�nition 3.1.1 Given G = (V;E), consider two edges (v; u) 2 E and (w; z) 2 E.
(v; u) and (w; z) are in relation 	 if and only if either they are the same edge or there
is a simple cycle in G containing both (v; u) and (w; z).
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De�nition 3.1.2 (Biconnected Components) Given G = (V;E), consider the
partition of E,hE1; : : : ; Eki, induced by 	. For each 1 � i � k, let Vi be the set of
endpoints of the set of edges Ei. The biconnected components of G are the subgraphs
(V1; E1); : : : (Vk; Ek).

In the rest of this thesis, we use the notation bccG(v; u) (or simply bcc(v; u)) to
indicate the biconnected component containing edge (v; u) in G = (V;E). Lemma
3.1.3, proved in [2], gives useful information on biconnectivity.

Lemma 3.1.3 For 1 � i � k, let Gi = (Vi; Ei) be the biconnected components of
G = (V;E). Then:

1. Gi is biconnected;

2. For all i 6= j, Vi \ Vj contains at most one vertex;

3. a is an articulation point of G if and only if a 2 Vi \ Vj for some i 6= j.

De�nition 3.1.4 (Bcc-Closed Subgraph) Let G0 = (V 0; E0) be a subgraph of G =
(V;E). G0 is said BCC-closed if, for each biconnected component of G, (Vi; Ei), either
Ei \ E

0 = ; or Ei � E
0.

3.1.2 Explicit vs Symbolic Solution to the BCC Problem

A picture similar to the one related to explicit SCC computation applies to the explicit
algorithmic strategies developed for biconnected components graph decomposition.

In the early 700 Hopcroft and Tarjan developed an optimal �(V + E) algorithm
to determine the biconnected components of a graph G = hV;Ei [68, 106]. The
biconnected components algorithm in [68, 106] relies on obtaining an ordering, to
drive overall computation upon a DFS graph traversal.

To the knowledge of the author the BCC problem was never tackled before assum-
ing a symbolic OBDD based data representation. Since DFS-based classical compu-
tational strategies for BCC decomposition can not be translated symbolically. More-
over, on the contrary of SCC problem, BCC problem seem not trivially solvable upon
transitive closure. In the next sections we devise a symbolic strategy to compute
biconnected components. Finally, we show how to take advantage of spine-sets (see
section 2.2) to obtain BCCs within O(V ) symbolic steps.

3.2 Spine-Sets and Biconnected Components

Given G = (V;E), in this subsection we devise a number of relations connecting
spine-sets, biconnected components, and the BCC-closed subgraphs introduced in
De�nition 3.2.1. More speci�cally De�nition 3.2.1 , below, introduces a canonical
way of splitting G into two BCC-closed subgraphs. Consider an articulation point a.
By Lemma 3.1.3 there are at least two biconnected components containing a and the
splitting takes place around one of them, say (V�; E�), with a 2 V�. As depicted in
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Figure 3.1: Graphs G(V�; a), G(V�; a)

Figure 3.1, one of the two subgraphs into which G gets split, contains (V�; E�) (and
it is called G(V�; a)). The other subgraph includes all the remaining biconnected

components containing a (and is called G(V�; a) ). We denote by
G
 (the nodes in) a

simple path in the graph G.

De�nition 3.2.1 Let (V�; E�) be a biconnected component of G = (V;E). If a 2 V� is
an articulation point of G, then G(V�; a) and G(V�; a) are the subgraphs of G induced
by the sets of nodes W and (V nW ) [ fag, respectively, where:

W = fag [ fv j9
G
 (a

G
 v ^

G
 \ (V� n fag) 6= ;g

Lemma 3.2.2 Consider a biconnected component (V�; E�) of G = (V;E). If a 2 V�

is an articulation point of G, then:

1. The two subgraphs G(V�; a) and G(V�; a) are BCC-closed;

2. (V�; E�) is a subgraph of G(V�; a).

Proof. Let W be the vertex-set of G(V�; a). There can be no edge in G, (w; s), with
w 2W nfag and s 2 V nW , otherwise there would be a simple path traversing V�nfag
from a to s 2 V nW . Hence, assume (by contradiction) that there exists a biconnected
component in G, (V 0; E0), such that V 0 \ (W n fag) 6= ; and V 0 \ (V nW ) 6= ;. As
(V 0; E0) is biconnected, for all z; t with z 2 V 0 \ (W n fag); t 2 V nW , there exists a
path between z and t not containing a. We get to the contradiction that there exists
an edge between a node in W n fag and a vertex in V nW . Point 2 follows directly
from De�nition 3.2.1.

Lemma 3.2.3 is the counterpart of Lemma 2.2.3 and Lemma 2.2.4, stated in Chapter
2 for strongly connected components.

Lemma 3.2.3 Given
����
v0 : : : vp in G = (V;E), let V� be the vertex-set of a biconnected

component containing vp. There is a minimum 0 � t � p such that:
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1. V� \ fv0; : : : ; vpg = fvt; : : : ; vpg;

2. If vt is an articulation point then
����
v0 : : : vt is a spine-set in G(V�; vt);

3. If a 6= vt, a 2 V� is an articulation point and V 0 is the vertex-set of G(V�; a),
then V 0 \ fv0; : : : vpg � fag.

Proof. Let us �rst prove item 1 of the lemma. By contradiction, suppose that there
exists a sub-path of the chordless path (v1; : : : ; vp), q = (vi; : : : ; vj) with jj � ij > 1,
in which the endpoints vj and vi belong to V� and all the internal nodes do not
belong to V�. As V� is connected, V� contains a simple path from vi to vj , say q0. By
concatenating the paths q and q0 we obtain a simple cycle containing vi+1; : : : ; vj�1.
This ensures that all the nodes in p belongs to V� and contradicts our hypothesis.
Item 2 follows immediately from the fact that each pre�x of a chordless path is
a chordless path. For Item 3 observe that, by De�nition 3.2.1 and Item 1 in the
Lemma, fv0; : : : ; vtg � G(V�; vt). This ensures that fv0; : : : ; vtg \ V

0 = ; as the
vertex-sets of G(V�; vt) and G(V�; a), a 6= vt, must be disjoint. By Item 1 in the
Lemma fvt; : : : ; vpg � V�. On this ground the thesis follows from the facts that
a 2 V 0 \ V�, V 0 contains at least one biconnected components other than that of V�

and two biconnected components can have no more than one vertex in common.

The skeleton of G(V�; a) , introduced below, is a particular spine-set in G(V�; a) that
will drive the computation in our symbolic BCC-algorithm.

De�nition 3.2.4 (Skeleton of G(V�; a) ) Consider G = (V;E), a biconnected com-
ponent (V�; E�) in G and an articulation point a 2 V�. hS; ui is a skeleton of G(V�; a)
i� u is a node in G(V�; a) having maximum distance from a and S is the set of nodes
on a shortest path from a to u.

Lemma 3.2.5 If hS; ui is a skeleton of G(V�; a), then hS; ui is a spine-set in G(V�; a).

Proof. It follows immediately from the de�nition of spine-set.

3.3 From Spine-Sets to a Linear Symbolic Bicon-
nected Components Algorithm

We focus here on biconnectivity. Relying on spine-sets, we ultimately outline a sym-
bolic BCC-algorithm performing a linear number of symbolic steps. The algorithm
we propose uses a rather simple strategy to �nd the nodes of each biconnected com-
ponent in an OBDD-represented graph G = (V;E). Yet, this strategy would have a
quadratic performance (in the size of the vertex-set) if not properly combined with
the notion of spine-set. Note how this is perfectly symmetric to what happens in the
symbolic scc-algorithm in Section 2.2 of Chapter 2.

Given an edge (u�; v�) 2 E, let V� be the vertex-set of the biconnected component
containing the edge (u�; v�) 2 E. The strategy for building V� relies on extending the
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vertex-set B, initialized as B = fu�; v�g, maintaining the invariant below:

8v 2 B(v 2 fu�; v�g _ 9 a cycle linking v; u�, and v� in B) (3.3.1)

Invariant (3.3.1) ensures that B � fu�; v�g induces a biconnected subgraph i.e.
B � V�. Under the above mentioned invariant, a safe increasing of B is obtained by
adding to B all nodes on simple paths between two nodes of B. The search for these
paths could naturally take place from a node x 2 B linked to some node outside B:
a sort of exploration point for B.

We depict in Figure 3.2 a successful attempt of aug-

u
*

v
*

x

B

L1

L2

B

a

Figure 3.2: Augmenting B
under invariant (1).

menting B � V� looking for paths that source from the
exploration point x 2 B, cross V n B, and terminate in
a node of B other than x. The set L1 containing the
successors of fxg in V n B is computed and then levels
at increasing distance from L1 are discovered. If a level
Lp intersecting B n fxg is encountered, this guarantees
the existence of some simple paths between two nodes of
B.

If the overall process allows discovering only vertices
outside B or equal to the exploration point, the attempt
of growing B � fu�; v�g fails. In this case, invariant
(3.3.1) ensures that the exploration point involved in the
visit is an articulation point of G. This situation is ex-
empli�ed in Figure 3.2 on the bottom, if we choose the
node a as the next exploration point for B. Always in
Figure 3.2, the set of nodes that can be retrieved us-
ing a as exploration point is the set of vertices of the
BCC-closed subgraph G(V�; a). This set of nodes can be
ignored while extending B to compute V �, but it can
be used used to localize the (recursive) computation of
subsequent biconnected components.

Summarizing, the above ideas lead to a recursive pro-
cedure in which the process of building the vertex-set of
each biconnected component (V�; E�) roughly results in
subsequent breadth-�rst visits from a node of B � V�.

Each visit either augment B � V� or discovers a BCC-closed subgraph not containing
(V�; E�) on which a recursive call can be made.

The problem, with the above approach, is that the symbolic steps performed
to discover the subgraph G(V�; a) make the algorithm quadratic in the number of
symbolic steps.

Spine-sets allow to (piece-wise) drive in a depth-fashion the order in which bi-
connected components are discovered so that the global number of symbolic steps
becomes linear. The way spines are involved in the strategy described above is the
following. Whenever the visit from an exploration point a of B results in a set of
p levels outside B, these levels are used to build a skeleton of the graph G(V�; a).
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This skeleton, say
������
av1 : : : vp, keeps trace of the number of symbolic steps necessary

to compute G(V�; a). The order implicitly maintained in it can be used for subse-
quent computatation, so that the cost of computing G(V�; a) is amortized onto the

cost of assigning each node in
������
av1 : : : vp to its biconnected components. The linear

performance of the full algorithm is a consequence of the following two facts.

1. The spines-driven order in which biconnected components get computed ensures
that the global number of symbolic steps necessary to obtain the subgraphs for
the recursive calls is O(jV j) (stated another way, the spine-sets generated during
the entire algorithm collect at most O(jV j) nodes);

2. the remaining symbolic steps assign (at least) one node to its biconnected com-
ponents.

3.3.1 The Linear Symbolic Biconnectivity Algorithm

The algorithm symbolic-bcc in Figure 3.3 implements the ideas outlined in the
previous section and e�ciently retrieves the vertex-set of each biconnected component
in a symbolically represented graph.

symbolic-bcc is a recursive procedure that takes as input a graph, G = (V;E),
and a pair of sets of nodes hS;Ni. hS;Ni is either a pair of empty sets or S =

fv0; : : : ; vpg and N = fvpg, with
����
v0 : : : vp a spine in G. If V 6= ;, lines (1)-(2) initialize

the vertex-set of a biconnected component, B, to the endpoints of an edge, fv�; u�g.
If the spine is not empty, then one of the endpoints of this edge is the spine-anchor.

Line (3) updates the spine to
����

v0 : : : vp�1 in the case in which B = fvp�1; vpg. This
ensures the property that the spine represents a chordless path sharing with B only
its last node (or is empty). Maintaining this property allows us to extend B in two
phases, involving the nodes in the spine-set only to add them to B. The procedure
visit in Figure 3.4 is involved in the �rst phase: the detection of paths reaching back
B [ S. The procedure eat-spine in Figure 3.5 realizes the second phase.

visit gets as input the exploration point X = fxg selected within line (5) in
symbolic-bcc, the set B, the graph to explore (V;E)and its spine hS; Ni (collapsing
in B). The procedure uses a stack of vertex-sets to keep trace of the levels at increasing
distance from the set of nodes, outside B[S, linked to the exploration point. Within
each iteration of the loop in lines (6)-(8) of visit, a new level is pushed onto stack

while either no new node can be discovered or a level intersecting B[S is detected. In
the �rst case the vertex-set discovered is that of a BCC-closed subgraph that is used
for the next recursive call. Lines (13)-(15) build a spine-set in such a subgraph by
suitably selecting a node for each level popped out from stack. In the second case,
the vertex-set discovered contains some simple path between the exploration point
and a vertex in B[S. The loop in lines (10) and (11) detects the vertex-sets of those
paths containing exactly one node for each level pushed onto stack and whose last
node belong to B [S. These nodes are assigned to the set C that will be added to B
in line (10) of the main algorithm.
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The purpose of the subprocedure eat-spine, in Figure 3.5, is that of augmenting
B with the maximum spine-set that reaches back B. This ensures invariant (3.3.1)
upon the termination of each symbolic-bcc loop iteration.

symbolic-bcc(V;E; hS; Ni)

{ Initialize a BCC vertex-set with the endpoints of an edge {
(1) if (N 6= ;) then B  N else B  pick(V )
(2) B  pick(img(B)) [B
{ Ensure that B \ S = N {
(3) if (B n S = ;) then S  S nN ; N  img(N) \ S

{ Extend the vertex-set B {
(4) while (9 an exploration-point other then the spine-anchor) do

{ Choose an exploration point other than the spine-anchor {
(5) X  pick(img(img(B) \ (V nB)) \ (B nN))

{ Augment B or isolate a BCC-closed subgraph and a {
{ spine-set for a new recursive call to symbolic-bcc {

(6) hC; V 0; hS 0; N 0ii  visit(V;E; hS; Ni; B;X)
(7) if (V 0 6= ;)
(8) then symbolic-bcc(V 0; E � V 0; hS 0; N 0i)
(9) V  (V n V 0) [X; E  E � V
(10) else B  B [ C

{ Extend B with a spine-su�x {
(11) hB; hS; Nii  eat-spine(V;E; hS; Ni; B)

(12) Return the vertex-set of the biconnected component built in B
{ Recursive call in case N contains (the unique) articulation point in (V;E) {
(13) if (V nB 6= ;)
(14) then V  (V nB) [N ; E  E � V ; symbolic-bcc(V;E; hS; Ni)

Figure 3.3: The BCC-algorithm performing a linear number of symbolic steps.
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visit(V;E; hS; Ni; B;X)

{ Initialization {
(1) Let stack be an empty stack of vertex-sets
(2) L img(X) \ (V n (B [ S))

(3) if (L = ;)
(4) then return (;; ;; h;; ;i)
(5) else U  V n (X [ L); C  ;;

{ Look for a level intersecting (B [ S) nX {
(6) while (C = ; ^ L 6= ;) do
(7) Push(L; stack); L img(L) \ U ; U  U n L;
(8) C  L \ ((B [ S) nX))
(9) if (C 6= ;)

{ Collect in C paths reaching back B [ S {
(10) then while (Notempty(stack)) do
(11) C  img(C) \ Pop(stack)

{ Build spine in the BCC-closed subgraph discovered {
(12) else V 0  X [ (V n (B [ U))
(13) pick(Pop(stack))
(14) while (NotEmpty(stack)) do
(15) S 0 [ pick(img(S 0) \ (Pop(stack)))
(16) then return (C; V 0; hS 0 [X;N 0i)

Figure 3.4: The subprocedure visit used within the linear symbolic BCC-algorithm.

3.3.2 Correctness and Complexity Results

The soundness and completeness of the algorithm in Figure 3.3 are stated in Theorems
3.3.3 and 3.3.6, respectively. Throughout this section, we will use the notation V l

c

to indicate the variable V within the c-th recursive call to symbolic-scc, on line l.
Vc will denote the value of the parameter V to the c-th recursive call to symbolic-

scc. Whenever it will be also necessary to specify the loop iteration number, j, in
symbolic-bcc, we will write V l

hc;ji. An analogous notation will be adopted for all
the variables in symbolic-scc.

The framework for the following lemma is the execution of the subprocedure
Visit(G; hS; Ni; B; fxg), where:

� hS; Ni is a spine in G = (V;E);

� B � V induces a biconnected subgraph of G such that B \ S = N ;
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eat-spine(V;E; hS; Ni; B)

(1) C  (img(B nN)) \ S
{ Update B with maximum spine su�x reaching back B {
(2) while (C 6= ;) do
(3) B  B [ (img(N) \ S)
(4) C  C nN ; S  S nN ; N  img(N) \ S;
(5) return(C; V; hS [X;Ni)

Figure 3.5: The subprocedure eat-spine used within the linear symbolic BCC-
algorithm.

� and fxg � B is an exploration point of B.

Lemma 3.3.1 Let V 0; hS 0; N 0i; C be the sets returned by visit(G; hS; Ni; B; fxg) and
assume that V� is the vertex-set of the biconnected component containing B. Then,
only one of the three cases is possible:

� x is an articulation point, V 0 6= ; is the vertex set of G(V�; x) and hS 0; N 0i is a
spine-set in G(V�; x)

� C 6= ; and the nodes in C de�ne some simple paths from X to B [S traversing
V n (B [ S)

� V 0 = C = S 0 = N 0 = ; and img(fxg) � (B [ S)

Proof. Consider the pseudocode for visit in Figure 3.4. Line (2) initializes the set
of vertices, say L1, having distance 1 from x and which do not belong neither to
B nor to the spine. If L0 = ;, then img(fxg) � (B [ S) and visit returns only
empty sets (line (4)). If L1 6= ;, then the loop in lines (6){(8) is executed. Such a
loop discovers, level by level in a breadth �rst manner, nodes at increasing distance
from L1, without using the exploration point x. The loop stops when either from
the last level of nodes discovered, say Lp, no new vertex can be reached, or it holds
Lp \ (B [ S) 6= ;. On the �rst condition, we obtain that all the nodes that can be
discovered from L1, without using x, belong to V nB: thus x is an articulation point
and the set of nodes discovered is the vertex-set of G(V�; x). In this case, the else

branch of the if statement in line (9) is executed and the just mentioned vertex-set
is assigned to V 0 (line (12)). Lines (13){(15) build a spine-set in G(V�; x) using a
(chordless) path which traverses each level discovered and reaches a node of maximal
distance from x. Suppose instead that the loop in lines (6){(8) �nishes because it
discovers a level of nodes Lp with Lp \ (S [ B) 6= ;. In such a case, C gets equal
to Lp \ (B [ S) on the end of the loop within the then branch of the if statement is
executed. Lines (10){(11) complete C whit the nodes on all the paths (of length p)
from x to Lp \ (S [B) which traverse all the level breadth �rst discovered.
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Relying on Lemma 3.3.1, Lemma 3.3.2 provides four invariants for symbolic-bcc

which ensure its correctness.

Lemma 3.3.2 In each recursive call, symbolic-bcc(Vc; Ec; hSc; Nci), within the ex-
ecution of symbolic-bcc(V;E; h;; ;i), the following items hold on the entering of
each iteration of the while-loop:

1. (V 3
c ; E

3
c ) is a connected and BCC-closed subgraph of (V;E) ;

2. fv�; u�g � B
3
c � V� � V and the subgraph induced by B3

c is biconnected;

3. either jB3
c j is increased or V 3

c n V� is decreased;

4. hS3
c ; N

3
c i is a spine-set in (V 3

c ; E
3
c ) and, if S3

c 6= ;, then S3
c \B

3
c = N3

c ;

where V� is the vertex-set of the biconnected component of (v�; u�) 2 E.

Proof. Consider the c-th recursive call within symbolic-bcc(V;E; h;; ;i). In such a
recursive call, consider the j-th checking of the while-loop guard. We use an inductive
argument on the value of hc; ji to prove items (a){(d) of the lemma. The base case is
immediate, we sketch below the inductive step.

Inductive Step: Let’s assume items (a){(d) true for all (consistent) pairs h1; 1i �
hc0; j0i � hc; ji. There are two cases to be considered depending on which is the
minimum consistent pair greater than hc; ji.

In the �rst case hc; j + 1i is the minimum consistent pair greater than hc; ji (i.e.
the while-guard is checked more than j times in the c-th recursive call to symbolic-

bcc). Within each iteration of the loop in symbolic-bcc the procedure visit is
executed. We consider each of the three cases possible, by Lemma 3.3.1, for the triple
returned by visit: C; V 0; hS 0; N 0i. If all the sets are empty, then, by Lemma 3.3.1,
img(X7

hc;ji) � S
7
hc;ji [ B

7
hc;ji. By the choice of X = fxg in line (5), some node of the

spine-set other than the spine-anchor is linked to x. The procedure eat-spine detects
the least spine-set node, vl, with the above property, subtract fvl + 1; : : : ; vpg to the
spine-set, and adds fvl; : : : ; vpg to B. Hence, B4

hc;j+1i = B[fvl : : : vpg is biconnected,

B4
hc;j+1i \ S

4
hc;j+1i = N4

hc;j+1i and items (a){(d) are satis�ed for hc; j + 1i when visit

returns only empty sets.
The case in which the set V 0

hc;ji returned by visit is not empty is also easily dealt

with. By Lemma 3.3.1 if V 07
hc;ji is not empty then, X4

hc;ji = fxg is an articulation

point and V 07
hc;ji is the vertex-set of G(V�; x). Line (9) in symbolic-bcc subtracts

this vertex-set from V . This way items 1:(a), 1:(c) get satis�ed for hc; j + 1i. Items
1:(b), 1:(d) also hold since B and the spine-set can be modi�ed only within eat-

spine which, as already discussed, maintains them. Finally, if visit returns only the
set C7

hc;ji not empty, line (10) in symbolic-bcc adds C7
hc;ji to B4

hc;ji. Thus, B get
enlarged and Lemma 3.3.1 ensures that B is added of the nodes on some simple paths
from X to B [S traversing V n (B [S). At this point, Eat-Spine completes B with
the maximal su�x of the chordless path de�ned by hS; Ni reaching back B n N . It
follows that B4

hc;j+1i induces a biconnected subgraph and all the items in the lemma
are satis�ed.
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In the second case the minimum consistent pair greater than hc; ji is hc + 1; 1i
and we must consider the c0-th recursive call to symbolic-bcc from which the c-th
execution of Symbolic-Bcc was invocated (c0 � c). If the just mentioned invocation
was made within j0-th iteration in the loop of c0-th call to symbolic-bcc, then V 4

hc+1;1i

and hS4
hc+1;1i; N

4
hc+1;1ii were built within the procedure visit. Thus, by Lemma 3.3.1,

the graph induced by V 4
hc+1;1i is connected and BCC-closed and hS4

hc+1;1i; N
4
hc+1;1ii is

a spine in it. Otherwise, the c + 1-th recursive call to symbolic-bcc must be done
in line 27 within the c0-th execution of symbolic-bcc. In this the validity of items
(a){(d) on hc+ 1; 1i follows easily from inductive hypothesis.

Theorem 3.3.3 (Correctness) symbolic-bcc(V;E; h;; ;i) computes the vertex-sets
of the biconnected components in G = (V;E).

Proof. It follows directly from Lemma 3.3.2.

Theorem 3.3.6 states that symbolic-bcc(V;E; h;; ;i) needs O(jV j) symbolic steps to
compute fV1; : : : ; Vng, where fhV1; E1i : : : hVn; Enig are the biconnected components
in G = (V;E). As already anticipated, the complexity result follows from the following
considerations. First, the global number of symbolic steps spent to detect simple paths
reaching back a partial biconnected component is O(jV1j+ : : :+ jVnj). Moreover, the
global number of symbolic steps spent for obtaining the subgraphs for the recursive
calls is proportional to the number of insertions of nodes in a spine. By Lemma 3.3.5
also the global number of insertions of nodes into a spine is O(jV1j+ : : :+ jVnj). Note
that jV1j + : : : + jVnj � jV j because of the articulation points, however, by Lemma
3.3.4, given below, it holds that (jV1j+ : : :+ jVnj) = O(jV j).

Lemma 3.3.4 Consider the set AG of articulation points of G = (V;E). Given
a 2 AG let mG(a) (the moltiplicity of the articulation point a) be the number of
biconnected components of G that contain a. Then

X

a2A

mG(a) � 2jV j � 4

Proof. By induction on the number of biconnected components of G, n. If n = 1,
there are no articulation points and 2jV j � 4 � 2 � 2� 4 = 0. Otherwise, by Lemma
3.1.3 there is at least one articulation point in G. Let a be an articulation point
of G and let hV�; E�i be a biconnected component of G such that a 2 V�. We
use the inductive hypothesis on the two subgraphs G1 = hV1; E1i = G(V�; a) and
G2 = hV2; E2i = G(V�; a). By De�nition 3.2.1, V1 \ V2 = fag, and by Lemma 3.2.2:

8w 2 Vi n fag(w 2 AGi
^mGi

(w) = k), (w 2 AG ^mG(w) = k)

for i = 1; 2. By de�nition of G(V�; a) = G1, a can not be an articulation point in
G1. If a is an articulation point in G2, mG(a) = mG2

(a) + 1. Otherwise mG(a) = 2.
Thus:

P

a2A mG(a) �
P

a2AG1

mG1
(a) +

P

a2AG2

mG2
(a) + 2 �

� (2jV1j � 4) + (2jV2j � 4) + 2 = 2jV j+ 2� 8 + 2 = 2jV j � 4
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Lemma 3.3.5 Let v be a node belonging to m biconnected components of G = (V;E).
Overall symbolic-bcc(V;E; h;; ;i), v is inserted at most m times in a spine-set.

Proof. Consider the c-th call to symbolic-bcc within symbolic-bcc(V;E; h;; ;i).
By induction on the number of recursive calls, we prove that 8v 2 Vc, within the the
�rst c� 1 (recursive) calls to symbolic-bcc:

� v 2 Vc has been inserted at least once in a spine if and only if v 2 Sc;

� if v 2 Vc has been inserted m times in a spine then v belongs to at least m
distinct biconnected components. Moreover, in this case m � 1 biconnected
component containing v have been already produced in output.

Base: Immediate as hS1; N1i = h;; ;i .
Inductive Step: Let c > 1 and v 2 Vc. Assume that the c-th call to symbolic-bcc

was done within the c0-th execution of symbolic-bcc, which builds the biconnected
component vertex-set V(�;c0). Let a1 : : : ; al be the articulation points of (Vc0 ; Ec0)
that are contained in V(�;c0). By Lemma 3.3.1 and Lemma 3.3.2, the subgraphs of
Gc0 = (Vc0 ; Ec0) involved in the recursive calls of symbolic-bcc(Vc0 ; Ec0 ; hSc0 ; Nc0i),
are Gc0(V(�;c0); ak), where ak 2 fa1; : : : ; alg. These subgraphs have no vertex in
common, thus 8c0 < c00 < c, v =2 Vc00 and we can safely avoid considering the recursive
calls between the c0-th one and the c-th one for the inductive step. If the c recursive
call to symbolic-bcc was made after the loop of the c0-th execution of symbolic-

bcc, then hSc; Nci is a \pre�x" of hSc0 ; Nc0i and v was not involved in any operation
of insertion into a spine-set within the c0-th execution of symbolic-bcc. In this case
the inductive hypothesis (on c0) ensures the inductive step.

Otherwise, the c-th recursive call to symbolic-bcc must be done within an it-
eration of the loop internal to the c0-th execution of symbolic-bcc. In this case
hSc; Nci must have been produced within visit, in the process of exploring from an
articulation point of V(�;c0). By Lemma 3.2.3, there is at most one vertex in Sc0 \ Vc.
Thus, we can conclude what follows on the ground of the inductive hypothesis on c0.
If v 2 Vc n Sc, then, when the c-th recursive call is done, v has not yet been inserted
in any spine. If v 2 Sc ^ v =2 Sc0 , then when the c-th recursive call is done v has
been inserted only once in a spine-set. Finally, in the case that v 2 Sc0 \ Sc we have
that fvg = Sc0 \ Sc: if v has been inserted m times in a spine-set upon the c0-th
execution of symbolic-bcc, then v has been inserted m+1 times in a spine-set upon
the c0-th execution of symbolic-bcc. Moreover, as the c0-th recursive call produces
V(�;c0) � fvg we have that m biconnected component containing v have been already
produced in output upon the execution of symbolic-bcc(Vc; Ec; hSc; Nci).

Theorem 3.3.6 (Complexity) The algorithm symbolic-bcc(V;E; h;; ;i) runs in
O(jV j) symbolic steps.

Proof. The complexity of the algorithm can be computed by counting the global
number of iterations of the loops in the subprocedures visit and eat-spine. As
eat-spine is concerned, each time an iteration of its loop is performed a new node is
assigned to a biconnected components. Thus, the global number of iterations of the
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eat-spine loop isO(jV1j+: : :+jVnj), where fhV1; E1i : : : hVn; Enig are the biconnected
components of G.

Within each execution of visit the number of iterations of the �rst loop is the same
as the number of iterations of the second loop. This number, say p, correspond to
the number of disjoint levels of nodes pushed onto the stack used within visit. Upon
the termination of visit, either, for each level in the stack, some nodes are assigned
to a biconnected component, or, for each level in the stack, a vertex is inserted into
a spine-set. It follows, by Lemma 3.3.5, that the global number of iterations of the
visit loop is O(jV1j + : : : + jVnj), where fhV1; E1i : : : hVn; Enig are the biconnected
components of G.

By Lemma 3.3.4 O(jV1j+ : : :+ jVnj) = O(jV j)
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4
Bisimulation and Simulation

Graph Reductions

Computing bisimulation and simulation equivalences, over a graph set of nodes, is an
important task in many areas of Computer Science: from Modal Logic, to Concur-
rency Theory as well as Formal Veri�cation, to cite only a few �elds (see Subsection
4.2.1 and Subsection 4.2.2 for an overview).

With respect to simulation the notion of bisimulation enjoys, in the literature, a
deeper understanding from both an algebraic and a computational point of view. One
of the purposes of this part of the thesis is that of re�ning, to some extent, the above
gap that we further discuss in this chapter, presenting bisimulation and simulation
problems.

4.1 Preliminary Notions

Let Q � T � T be a binary relation over a set T :
- Q is a quasi order if and only if Q is re
exive and transitive;
- Q is a partial order if and only if Q is an antisymmetric quasi order;
- Q is acyclic if and only if its transitive closure is antisymmetric.
We will use Q+ to refer to the transitive closure of Q and Q� to refer to the re
exive
and transitive closure of Q.

De�nition 4.1.1 (Labelled Graphs) A triple G = (V;E;�) is said to be a labelled
graph if and only if G� = (V;E) is a �nite direct graph and � is a partition over V .

Given a node a 2 V we denote by [a]� (or [a], if � is clear from the context) the
class of � to which a belongs. We say that two nodes a; b 2 V have the same label if
they belong to the same class of �.

An equivalent way to de�ne labelled graphs is to use a labelling function ‘ : V ! L,
where L is a �nite set of labels (inducing a partition �L on V ). Given a partition �
we will use the letters �; �; 
; : : : to denote a generic element, i.e. a block, of �.

De�nition 4.1.2 (Bisimulation) Let G = (V;E;�). A relation �� V � V is a
bisimulation over G if and only if:
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1. a � b) [a]� = [b]�;

2. (a � b ^ a! c)) 9d(c � d ^ b! d);

3. (a � b ^ b! d)) 9c(c � d ^ a! c).

Two nodes a and b are bisimilar (a �b b) if there is a bisimulation � such that a � b.

A bisimulation can be neither re
exive nor transitive, and not even symmetric. How-
ever, the reader can easily verify that given a bisimulation, its re
exive, symmetric,
and transitive closure is still a bisimulation. The proof of the following lemma can be
found in [86].

Lemma 4.1.3 Let G = (V;E;�). The relation �b is an equivalence relation over V
and a bisimulation over G. Moreover, �b is the maximum bisimulation, i.e., if � is
a bisimulation over G, then ���b.

Since �b is an equivalence relation, it is possible to consider the quotient B =
V= �b. We will use the notation [a]b to denote the equivalence class to which a
belongs in B.

De�nition 4.1.4 (Bisimulation Problem) Given a labelled graph G = (V;E;�)
the bisimulation problem over G consists in computing the quotient B = V= �b, where
�b is the maximum bisimulation over G.

De�nition 4.1.5 (Simulation) Let G = (V;E;�). A relation �� V � V is said to
be a simulation over G if and only if:

1. a � b) [a]� = [b]�;

2. (a � b ^ a! c)) 9d(c � d ^ b! d).

In this case b simulates a.
Two nodes a and b are sim-equivalent (a �s b) if there exist two simulations �1 and
�2, such that a �1 b and b �2 a.

Again, a simulation can be neither re
exive nor transitive (e.g., the empty relation
is always a simulation), but given a simulation, its re
exive and transitive closure is
still a simulation.

A simulation �s over G is said to be maximal if for all the simulations � over G
it holds ���s. The proves of the following results can be found in [81]

Lemma 4.1.6 Given G = (V;E;�) there always exists a unique maximal simulation
�s over G. Moreover, �s is a quasi order.

Corollary 4.1.7 Let G = (V;E;�). The relation �s is an equivalence relation over
V .
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Also in the case of simulation, since �s is an equivalence relation, it is possible
to consider the quotient S = V= �s. We will use the notation [a]s to denote the
equivalence class to which a belongs in S.

De�nition 4.1.8 (Simulation Problem) Given a labelled graph G = (V;E;�), the
simulation problem over G consists in computing the quotient S = V= �s, where �s

is the sim-equivalence over G.

4.2 State-of-the-art

4.2.1 Bisimulation

The notion of bisimulation, formally de�ned in Section 4.1, has been introduced with
di�erent purposes in many areas related to Computer Science. In Modal Logic it was
introduced by van Benthem [4] as an equivalence principle between Kripke structures.
In Concurrency Theory it was introduced by Park [86] for testing observational equiv-
alence of the Calculus of Communicating Systems (CCS). In Set Theory, it was intro-
duced by Forti and Honsell [50] as a natural principle replacing extensionality in the
context of non well-founded sets. As far as Formal Veri�cation is concerned [26, 99],
several existing veri�cation tools make use of bisimulation in order to minimize the
state spaces of systems descriptions [29, 11, 46, 95], since bisimulation strongly pre-
serves the whole �-calculus. The reduction of the number of states is important both
in compositional and in non-compositional model checking. Bisimulation serves also
as a means of checking equivalence between transition systems. In the context of se-
curity many non interference properties are based on checking bisimulation between
systems [49].

From a computational point of view, the main reason for the fortune of bisimula-
tion and for its fast solution lies in the equivalence between the bisimulation problem
and the problem of determining the coarsest partition of a set stable with respect to
a given relation ([70]).

De�nition 4.2.1 (Stability) Let E be a binary relation on V , E�1 its inverse re-
lation, and � a partition of V . � is said to be stable with respect to E i� for each
pair �; 
 of blocks of �, either � � E�1(
) or � \ E�1(
) = ;.

We say that a partition � re�nes a partition � (� is �ner than �) if each block
of � is included in a block of �.

De�nition 4.2.2 (Coarsest Stable Partition Problem) Let E be a binary rela-
tion on V and � a partition over V . The coarsest stable partition problem is the
problem of �nding the coarsest partition B re�ning � stable with respect to E.

This problem, that emerged also naturally in automata minimization [67], is equiv-
alent to the bisimulation problem.
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Proposition 4.2.3 Let G = (V;E;�) be a labelled graph.

(i) Let � be a partition over V re�ning � and stable with respect to E. Then ��,
de�ned as a �� b i� 9� 2 � (a 2 � ^ b 2 �); is a bisimulation over G.

(ii) Let � be a bisimulation over G which is also an equivalence relation. Then
�� = f[a]� j a 2 V g, where [a]� = fb 2 V j a � bg, is a partition stable with
respect to E.

Proof.

(i) We prove that �� is a bisimulation on G. Since � re�nes �, it holds that if
a �� b, then a and b belong to the same class in �. Let a; b be such that a �� b.
This means that there is a class � 2 � such that a 2 � and b 2 �. Assume
there is c 2 V such that aEc. Let 
 be the class such that c 2 
. Since � is
stable with respect to E and E�1(
) is not empty (it contains a), this means
that � � E�1(
). Thus, b 2 E�1(
), and this implies that there is d 2 
 such
that bEd. By de�nition of ��, c �� d. Similarly we can prove that if a �� b
and bEd, then there exists c such that c �� d and aEc.

(ii) By contradiction, assume that �� is not stable with respect to E. This means
that there are blocks � and 
 and two nodes a; b such that

a 2 � n E�1(
) ^ b 2 � \ E�1(
)

This implies that there is a node d 2 
 such that bEd but no node c bisimilar
to d (i.e., in 
) can be reached by an edge from a. Thus, :a�b.

The next corollary follows immediately.

Corollary 4.2.4 Let G = (V;E;�). Computing the maximum bisimulation �b on G
or �nding the coarsest stable partition of V re�ning � and stable with respect to E
are equivalent problems.

The �rst signi�cant result related to the algorithmic solution of the bisimulation
problem is in [67], where Hopcroft presents an algorithm for the minimization of
the number of states in a given �nite state automaton. Hopcroft’s result has been
subsequently clari�ed and improved in [59, 71]. The problem is equivalent to that
of determining the coarsest partition of a set stable with respect to a �nite set of
functions. A variant of this problem is studied in [85], where it is shown how to solve
it in linear time in case of a single function. In [69], Kanellakis and Smolka solved the
problem for the general case (which is the same as solving the bisimulation problem)
in which the stability requirement is relative to a relation E (on a set V ). The
algorithm by Kanellakis and Smolka requires O(jEjjV j) steps and was outperformed
by theO(jEj log jV j) procedure in [84], realized by Paige and Tarjan. The main feature
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of the linear solution to the single function coarsest partition problem (cf. [85]), is
the use of a positive strategy in the search for the coarsest partition: the starting
partition is the partition with singleton classes and the output is built via a sequence
of steps in which two or more classes are merged. Instead, Hopcroft’s solution to the
(more di�cult) many functions coarsest partition problem is based on a (somehow
more natural) negative strategy: the starting partition is the input partition and each
step consists of the split of all those classes for which the stability constraint is not
satis�ed. The interesting feature of Hopcroft’s algorithm lies in its use of a clever
ordering (the so-called \process the smallest half" ordering) for processing classes
that must be used in a split step. Starting from an adaptation of Hopcroft’s idea to
the relational coarsest partition problem, Paige and Tarjan succeeded in obtaining
their fast solution [84]. The \process the smallest half" policy establishes that if a
block �0 is split into � and �0 n �, and � has less elements than �0 n �, then we can
use (only) � as splitter and ignore �0 n �. In their generalization of this policy, Paige
and Tarjan determine how to perform j�j operations even when it is necessary to use
both � and �0 n � as splitters.

In [70] Kannellakis and Smolka notice that the algorithm by Paige and Tarjan [84]
for the relational coarsest partition problem can be used to determine the maximum
bisimulation over a graph.

In [10] Bouajjani, Fernandez, and Halbwachs propose an algorithm for the rela-
tional coarsest partition problem tailored for the context of on-the-
y model checking,
i.e., they stabilize only reachable blocks. In [75] Lee and Yannakakis improve this
method by using only reachable blocks to stabilize the reachable blocks.

From a more abstract point of view, an interesting property of the notion of
bisimulation is that the bisimulation problem over labelled graphs is equivalent to the
one over unlabelled ones. Given a labelled graph G = (V;E;�), it is possible to build
a graph G0 = (V 0; E0), with V � V 0 and E � E0, such that for all a; b 2 v a �b b
over G if and only if a �b b over G0 (see [39, 38, 88]). As a matter of fact, in the
context of non-well-founded sets, graphs are used to represent sets (see [1]), hence
they have no labels and the notion of bisimulation de�nes set-equalities. The fact
that the problem with labels can be reduced to the one without labels means that the
set-theoretic formulation of the bisimulation problem is general enough to embed all
the other bisimulation problems.

In [39, 38], exploiting the set-theoretic formulation of the bisimulation problem,
an algorithm which optimizes the algorithm in [84] is presented. The worst case
complexity of the algorithm described in [39, 38] is equal to the worst case complexity
of the algorithm proposed in [84], but in a large number of cases it obtains better
performances. In particular, this algorithm integrates positive and negative strategies
and the combined strategy is driven by the set-theoretic notion of rank of a set. In
the case of acyclic graphs the rank of a node a is nothing but the length of the longest
path from a to a leaf.

De�nition 4.2.5 Let G = (V;E) be an acyclic graph. The rank of a node a is
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recursively de�ned as follows:

�

rank (a) = 0 if a is a leaf
rank (a) = 1 + maxfrank (c) j a! cg otherwise

In the general case, the rank of a node a is the length of the longest path from a node
c, reachable from a, to a leaf such that all the nodes involved in the path do not reach
cycles. To give a formal de�nition we introduce the notion of graph of the strongly
connected components.

De�nition 4.2.6 (Strongly Connected Components) Given the graph G = (V;E),
let Gscc = (V scc; Escc) be the graph obtained as follows:

V scc = fC j C is a strongly connected component in Gg
Escc = fhC(a); C(c)i j C(a) 6= C(c) and a! cg

Given a node a 2 V , we refer to the node of Gscc associated to the strongly connected
component of a as C(a).

Observe that Gscc is acyclic.
We also need to distinguish between the well-founded part and the non-well-

founded part of a graph G.

De�nition 4.2.7 (Well-Founded Part) Let G = (V;E) and a 2 V . G(a) =
(V (a); E � V (a)) is the subgraph1 of G of the nodes reachable from a. WF (G),
the well-founded part of G, is WF (G) = fa 2 V j G(a) is acyclicg:

De�nition 4.2.8 (Rank) Let G = (V;E). The rank of a node a of G is de�ned as:8>><>>: rank (a) = 0 if a is a leaf in G
rank (a) = �1 if C(a) is a leaf in Gscc and a is not a leaf in G
rank (a) = max(f1 + rank (c) j C(a)EsccC(c); c 2 W F (G)g [

frank (c) j C(a)EsccC(c); c 62 W F (G)g) otherwise

Two important properties of the notions of rank, proved in [39, 38], suggest to exploit
it in the bisimulation problem:

� if a �b b, then rank (a) = rank (b);

� it is possible to compute �b on the nodes at rank i manipulating only nodes
having ranks less or equal to i.

Given a graph G = (V;E), the rank vertex-set labeling can be computed in time
O(jV j+ jEj) [39, 38], using Tarjan’s algorithm for the strongly connected components
[106]. This means that using the ranks inside a bisimulation algorithm does not
increase its asymptotic time complexity.

The algorithm in [39, 38] �rst splits the graph into ranks, then uses [85] and [84]
as subroutines at subsequent levels, in increasing order of rank. The overall procedure

1We use E � V (a) to denote the restriction of E to V (a).
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terminates in linear time in many cases, for example when the input problem corre-
sponds to a bisimulation problem on acyclic structures. It operates in linear time in
other cases as well and, in any case, it runs at a complexity less than or equal to that
of the algorithm by Paige and Tarjan [84]. Moreover, the partition imposed by the
rank allows to process the input without storing the entire structure in main mem-
ory. This allows (potentially) to deal with larger graphs than those treatable using a
Paige and Tarjan-like approach. A symbolic version of the algorithm in [39, 38] will
be presented in Chapter 7 of this dissertation. In Chapter 7 we will discuss, also,
about the use of the rank notion inside model checking procedures (i.e., not only to
compute the bisimulation quotient, but also to evaluate the CTL formulae).

In [89] the bisimulation problem is tackled again from a set-theoretic point of view.
It is shown how in the case of acyclic graphs a compact version of the Ackermann’s
encoding can be used to solve the bisimulation problem, then the encoding is extended
to the general case.

In Section 4.1 we presented the bisimulation problem over a labelled graph G.
It is possible to formulate the problem using two graphs G1 and G2 for which it is
convenient to de�ne labelled graphs using a labelling function ‘ : V ! L, where L is
a �nite set of labels common for all the graphs.

De�nition 4.2.9 (Two Graphs Bisimulation) Let G1 = (V1; E1; ‘1) and G2 =
(V2; E2; ‘2) be two labelled graphs. A relation �� V1 � V2 is a bisimulation between
G1 and G2 if and only if:

1. a � b) ‘1(a) = ‘2(b);

2. (a � b ^ a! c)) 9d(c � d ^ b! d);

3. (a � b ^ b! d)) 9c(c � d ^ a! c);

4. for each a 2 V1 there exists b 2 V2 such that a � b;

5. for each b 2 V2 there exists a 2 V1 such that a � b;

Two graphs G1 and G2 are bisimilar if there exists a bisimulation between G1 and
G2.

Either de�nition of bisimulation allows us to quotient (reduce) G on the ground of the
following property of �b (and of all the bisimulations that are equivalence relations):

8a; b; c ((a! c ^ b 2 [a]b)) 9d(d 2 [c]b ^ b! d)) ([)

The quotient graph G= �b= (V�b
; E�b

; ‘�b
) is de�ned as:

V�b
= V= �b

[a]bE�b
[c]b , 9c1(c1 2 [c]b ^ a! c1)

‘�b
([a]b) = ‘(a):
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Proposition 4.2.10 Let G = (V;E; ‘) be a labelled graph. The graph G= �b is the
minimum graph bisimilar to G.

Proof. It can be easily proved that the relation 8a 2 V (aB[a]b) is a bisimulation
between G and G= �b.

Let G1 = (V1; E1; ‘1) be a graph and B1 be a bisimulation between G and G1.
The relation B0

1 de�ned as

8a; b 2 V (aB0
1b, 9k 2 V1(aB1k ^ bB1k)):

is easily seen to be a bisimulation. Since B0
1 is included in �b, it holds that jV= �b

j � V1.

4.2.2 Simulation

The notion of simulation, introduced in Section 4.1, �rst de�ned by Milner in [80] as
a means to compare programs, is very close (less demanding, in fact) to the notion of
bisimulation. Since the conditions in the de�nition of simulation are weaker than the
ones in the de�nition of bisimulation, simulation provides, for example in the context
of Formal Veri�cation, a better space reduction tool than bisimulation. Neverthe-
less simulation is still adequate for the veri�cation of all formulae of the branching
temporal logic without quanti�ers switches [34] (e.g., the formulae of ACTL�, see
[60]). As explained in [63] \in many cases, neither trace equivalence nor bisimilarity,
but similarity is the appropriate abstraction for computer-aided veri�cation . . . ". In
the case of �nite-state systems the similarity quotients can be computed in polyno-
mial time, while this is not the case for trace equivalence quotients. On in�nite-state
systems, �nitely represented using hybrid automaton and other formalisms, the sim-
ilarity quotients can be computed symbolically and in many cases the quotients are
�nite [63].

Several polynomial-time algorithms to solve the simulation problem on �nite
graphs have been proposed: the ones in [7], [28], and [30] achieve time complexities
O(jV j6jEj), O(jV j4jEj), and O(jEj2), respectively. A simulation procedure running
in O(jV jjEj) time was independently discovered in [63] and [8]. All of the algorithms
just mentioned [7, 28, 30, 8, 63] obtain the similarity quotient S = V= �s as a by-
product of the computation of the entire similarity relation �s on the set of states V .
Their space complexity is then limited from below by O(jV j2).

Recently Bustan and Grumberg in [18] and Cleaveland and Tan in [31] improved
the above results.

The procedure by Bustan and Grumberg [18] gives as output the quotient structure
with respect to �s and the simulation relation among classes of S = V=�s

without
computing the entire simulation on V . Hence, its space requirements (often critical,
especially in the �eld of veri�cation) depend on the size of S and are lower than the
ones of the algorithms in [7, 28, 30, 8, 63]. In more detail, the algorithm described
in [18] uses only O(jSj2 + jV j log(jSj)) space whereas its time complexity is rather
heavy: it is O(jSj4(jEj+ jSj2) + jSj2jV j(jV j+ jSj2)).
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The procedure in [31] combines the �x-point calculation techniques in [8] and
[63] with the bisimulation-minimization algorithm in [84]. It is determined whether
a system G2 is capable of simulating the behavior of G1, by interleaving the min-
imization via bisimulation of the two systems with the computation of the set of
classes in G2 able to simulate each class in G1. The time complexity achieved is
O(jB1jjB2j+ jE1j log(jV1j)+ jB1jjE2j+ j"1jjB2j), where "i and Bi represent the bisim-
ulation reduced relation and state-space of Ti, respectively. Compared with the time
complexities of [63] and [8], the latter expression has many occurrences of jVij and
jEij replaced with jBij and j"ij. Indeed, experimental results in [31] prove that the
procedure by Cleaveland and Tan outperforms the ones in [63] and [8]. The space
complexity of [31] depends on the product of the sizes of the two bisimulation quo-
tients involved. Sinca bisimulation is an equivalence relation �ner than simulation,
such a space requirement may be more demanding than the one in [18].

As in the case of bisimulation, it is possible to formulate the simulation problem
between two graphs. In particular, a \two graphs" formulation is used in [31].

De�nition 4.2.11 (Two Graphs Simulation) Let G1 = (V1; E1; ‘1) and G2 =
(V2; E2; ‘2) be two labelled graphs. A relation �� V1 � V2 is a simulation from G1

to G2 if and only if:

1. a � b) ‘1(a) = ‘2(b);

2. (a � b ^ a! c)) 9d(c � d ^ b! d);

3. for each a 2 V1 there exists b 2 V2 such that a � b;

A graph G1 is simulated by a graph G2 (G2 simulates G1) if there exists a simulation
from G1 to G2. Two graphs G1 and G2 are sim-equivalent if G1 simulates G2 and
G2 simulates G1

Hence, given a graph G it is possible to consider the problem of determining the
minimum graph sim-equivalent to G. In the context of simulation, minimality is
measured in terms of both the number of nodes and edges. It was only recently
proved, in [18], that there always exists a unique smallest labelled graph that is sim-
equivalent to G, i.e., there is a unique way to put a minimum number of edges between
the elements of S = V= �s in order to obtain a labelled graph sim-equivalent to G.
In the case of bisimulation this was a trivial consequence of the property ([) (see
Subsection 4.2.1), since if a node reaches with an edge an equivalence class, then all
the nodes that are equivalent to it reach with an edge the same equivalence class.
This is equivalent to say that

8a; c ([a]b \ E
�1([c]b) 6= ; ) [a]b � E

�1([c]b));

which is at the basis of the characterization of the bisimulation problem as (relational)
coarsest partition problem. In the case of simulation, it can be the case that there
exists a node a which reaches with an edge a node c, while a node which is sim-
equivalent to a does not reach any node sim-equivalent to c. In Chapter 5 of this
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thesis we will prove that, when the above fact happens, we always have that there
exists a node d such that a reaches d and c �s d. Hence, the property which holds
for the maximum simulation is that

8a; b; c ((a! c ^ b 2 [a]s)) 9d(c �s d ^ b! d)) (])

which in particular, since we are working on �nite graphs, implies that

8a; c ([a]s \ E
�1([c]s) 6= ; ) 9[d]s([c]s �s [d]s ^ [a]s � E

�1([d]s))):

This property, at the basis of the generalized stability condition that we will introduce
in the second part of this thesis, provides a characterization of the simulation problem
in terms of a partitioning problem. An immediate consequence is that there is a unique
way to put a minimum number of edges among the elements of V= �s in order to
obtain a graph sim-equivalent to G: put an edge from [a]s to [d]s if and only if it
holds [a]s � E�1([d]s) and there is no class [c]s such that [a]s \ E

�1([c]s) 6= ; with
d �s c (i.e., d is not a little brother of any c, in the terminology of [18]).

Example 4.2.12 Consider the two graphs in Figure 4.1. The graph on the right is
the quotient with respect to the maximum simulation of the graph on the left. In
the graph on the left there are no sim-equivalent nodes, hence all the classes in the
quotient structure are singletons. In the graph on the left there is a node with label
B which is a little brother, hence in the quotient structure we delete an edge.

A

BB

A

A

BB

A

Figure 4.1: Example of little brother and of minimization in terns of edges.

A further important di�erence between bisimulation and simulation is that, while
in the case of bisimulation working without labels is not a restriction (see Subsection
4.2.1), in the case of simulation this is not the case. This is a consequence of the
following result whose proof is left to the reader.

Lemma 4.2.13 Let G = (V;E;�) be a graph such that � = fV g, i.e., all the nodes
have the same label. Given a node a 2 V let G(a) be the subgraph of G of the nodes
reachable from a.
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� If G(a) is acyclic, then for all b 2 V

b �s a i� G(b) is acyclic and rank (b) � rank (a):

� If G(a) is cyclic, then for all b 2 V it holds b �s a:

This means that in the case without labels (i.e., only one label) all the nodes which
belong to the non-well-founded part of the graph are sim-equivalent.

Example 4.2.14 Consider the graph in the �gure below on the left.
If we try to remove the labels A and B by adding new

BA
nodes and we do not want to use labels also on the new
nodes, then, no matter how many new nodes and edges
we add, the two nodes of the original graph become sim-
equivalent.

The previous lemma has also strong implications on the use of the notion of rank
in the computation of �s. It implies that

a �s b 6) rank (a) = rank (b);

since in a graph with only one label all the non-well-founded nodes are sim-equivalent
even if they are at di�erent ranks. Lemma 4.2.13 suggests that a reasonable de�nition
of rank to be used in the computation of �s could be

rank �(a) =

�

max(f1 + rank (c) j C(a)EsccC(c)g if a 2WF (G)
+1 otherwise

i.e., on the well-founded part of the graph we use the usual notion of rank, while all
the nodes in the non-well-founded part have rank +1. Using such a de�nition we
obtain

a �s b ) rank �(a) = rank �(b);

a �s b ) rank �(a) � rank �(b):

This implies that, whenever we use a technique which needs to compute �s in order
to determine �s, when we process nodes at rank i we have to keep into account also
all the nodes at rank less than i.

A second disadvantage of the use of rank � is that it is reasonable to believe that at
least one half of the nodes have rank +1, which means that it does not split enough
the computation.

For this last reason in [54], in order to exploit a notion of rank in the simulation
computation, the opposite approach is taken, i.e., a notion of rank which splits the
graph as much as possible is introduced admitting to have sim-equivalent nodes with
di�erent ranks. In any case, what is required to the notion of rank is the property
that the information at rank i is enough to compute the similarity relations among
the nodes of rank at most i. In particular, we want to avoid the situation in which
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a and b are two nodes whose rank is at most i, at the end of the i-th iteration we
\believe" that a �s b (resp. a 6�s b) and at the end of the (i + k)-th iteration we
discover that a 6�s b (resp. a �s b). A necessary and su�cient condition to obtain
the above property is that:

if a! b, then the rank of b is not greater than the rank of a.

The following notion of rank turns out to satisfy the above condition and splits the
graph as much as possible:

De�nition 4.2.15 (sim-Rank) Let G = (V;E;�), the rank s of a node is recursively
de�ned as follows:

rank s(a) =

�

0 if C(a) is a leaf in Gscc

maxf1 + rank s(c) j C(a)EsccC(c)g otherwise

In [54] the simulation problem is algorithmically analyzed within a constraint logic
programming framework, and the above notion of rank is used to give an incremental
solution to the simulation problem.



5
From Bisimulation to

Simulation: Coarsest Partition
Problems

In this chapter we present a new result in the form of a novel algorithm for simulation,
based on the mapping of the notion on a suitable coarsest partition problem. Encoding
the simulation problem with a generalized coarsest partition problem establishes a
new f̂�l rouge connecting simulation and bisimulation, whose casting onto a coarsest
partition problem is well known in the literature (see Subsection 4.2.1). Such an
encoding proved to be a central tool for both a deeper understanding of the algebraic
bisimulation properties, and for the development of space/time e�cient bisimulation
algorithms. To some extent, we show that a similar pattern applies to our simulation
encoding.

For the sake of readability and clearness, we choose to collect a number of technical
proofs, involved in the following of this chapter, within Appendix A.

5.1 Simulations as Partitioning Problems

We introduce in this section the Generalized Coarsest Partition Problem (GCPP)
which is the central notion in our approach. The term generalized is used since we
are not only going to deal with partitions to be re�ned, as in the classical coarsest
partition problems (see Subsection 4.2.1), but with pairs in which we have a partition
and a binary relation over the partition. The equivalence between the simulation
problem and the GCPP will be proved at the end of this section.

De�nition 5.1.1 (Partition pair) Let G = (V;E) be a �nite graph. A partition
pair over G is a pair h�; P i in which � is a partition over V , and P � �2 is a
re
exive and acyclic relation over �.

Notice that a labelled graph G = (V;E;�) can be seen as a graph G0 = (V;E) together
with the partition pair h�; Ii, where I is the identity relation over �. Given a graph
G = (V;E;�) we will start considering the partition pair h�; Ii and we will modify it
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in order to obtain a partition pair hS;�i, where S is the simulation quotient V= �s,
while � is the maximal simulation over V= �s.

Given two partitions � and �, such that � is �ner than � (i.e., each block of � is
included in a block of �), and a relation P over �, we use the notation P (�) to refer
to the relation induced on � by P , i.e.:

8�; � 2 �((�; �) 2 P (�), 9�0; �0((�0; �0) 2 P ^ � � �0 ^ � � �0)):

Denoting by P(G) the set of partition pairs over G below, we introduce the partial
order over which we will de�ne the notion of coarsest partition pair.

De�nition 5.1.2 Let h�; P i; h�; Qi 2 P(G):

h�; Qi v h�; P i i� � is �ner than � and Q � P (�):

The search for the coarsest partition pair will proceed using the following transition
relations:

De�nition 5.1.3 (E9; E8) Let G = (V;E), and � be a partition of V .
The 9-transition on � is the relation

�E9
 i� 9a9c(a 2 � ^ c 2 
 ^ aEc):

The 8-transition on � relation

�E8
 i� 8a(a 2 �) 9c(c 2 
 ^ aEc)):

Hence, �E8
 is a shorthand for � � E�1(
), while �E9
 stands for �\E�1(
) 6= ;.
Similar notations (called relation transformers and abstract transition relations) were
introduced in [35] in order to combine model checking and Abstract Interpretation.

We are now ready to introduce the fundamental notion in the generalized coarsest
partition problems, the notion of stability of a partition pair with respect to a relation.

De�nition 5.1.4 (Stability) Let G = (V;E). A partition pair h�; P i over G is
stable with respect to the relation E if and only if

8�; �; 
 2 �((�; �) 2 P ^ �E9
 ) 9� 2 �((
; �) 2 P ^ �E8�)):

The condition in the de�nition of stability is equivalent to:

8�; �; 
 2 �((�; �) 2 P ^ � \ E�1(
) 6= ; )
9� 2 �((
; �) 2 P ^ � � E�1(�))):

As it will be proved (see Theorem 5.1.10) the stability condition is exactly the condi-
tion holding between two classes of V= �s: if �; � 2 V= �s with � �s � (i.e., all the
elements of � are simulated by all the elements of �) and an element a in � reaches an
element c in 
, then all the elements b of � must reach at least one element d which
simulates c. In particular, considering all the �s-maximal elements d simulating c
reached by elements in �, we have that all the elements in � reach a class � which
simulates c and, hence, which simulates 
.
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Figure 5.1: G and � on the left, G0 and � on the right.

Example 5.1.5 Consider the graph G depicted on the left in Figure 5.1 and the
partition pair h�; Ii, where � = f�; �g, with � and � shown in Figure 5.1, and I is
the identity relation. The partition pair h�; Ii is not stable since: �E9�, � is the
only class in � such that (�; �) 2 I, and it does not hold �E8�.

Consider now the graph G0 depicted on the right in Figure 5.1 and the partition
pair h�; P i, where � = f�; �1; �2; 
g is shown in Figure 5.1, while P = f(�1; �2)g[ I,
with I identity relation. It is easy to prove that h�; P i is stable.

If the partition ffa1; a2g; fb1; b2; b3g; fc1; c2gg represents the labelling on G0, then
� and P correspond to the simulation equivalence and the maximal simulation on G0,
respectively.

We use the notion of stability of a partition pair with respect to a relation in the
de�nition of generalized coarsest partition problem, in the same way as the notion of
stability of a partition with respect to a relation is used in the de�nition of coarsest
partition problem.

De�nition 5.1.6 (Generalized Coarsest Partition Problem) Given a graph G
and partition pair h�; P i over G the generalized coarsest partition problem consists
in �nding a partition pair hS;�i such that:

(a) hS;�i v h�; P+i;

(b) hS;�i is stable with respect to E;

(c) hS;�i is v-maximal satisfying (a) and (b).

The partition pair hS;�i is a stable re�nement of h�; P i.

Notice that in the above de�nition hS;�i is a re�nement of h�; P+i, while it can
be the case that it is not a re�nement of h�; P i. This ensures that � is transitive.
In general, the solution of the GCPP can always be found by a suitable sequence of
splits (of classes) and adequate completion of the relation in order to take the newly
generated classes into account.

Remark 5.1.7 Notice that it is important that � is re
exive (which is the case since
hS;�i is a partition pair). This is necessary in order to prove that there is always a
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unique maximal solution. Consider the graph G = (V;E) with V = fa; b; cg and E =
f(a; a); (a; b); (b; c)g, and the partition pair h�; P i with � = fV g and P = f(V; V )g.
Assume we would not require, in the solution to the GCPP, to have a re
exive relation
on the �nal partition. Then, we would have the following four maximal solution to
the GCPP applied to h�; P i. Note that only the �rst pair enjoys re
exivity and is a
partition pair.

� h� = f�; �; 
g; Q = f(
; �); (�; �); (�; �); (�; �); (
; 
)gi,
where � = fag; � = fbg; 
 = fcg

� h�0 = f�0; �0g; Q0 = f(�0; �0); (�0; �0)i,
where �0 = fag; �0 = fb; cg

� h�00 = f�00; �00g; Q00 = f(�00; �00); (�00; �00)gi,
where �00 = fa; bg; �00 = fcg

� h�; ;i

Our next task is to prove that a given GCPP has always a unique solution. To
this end we exploit a connection between the similation problems and the GCPP’s.

Theorem 5.1.8 (Existence and Uniqueness) Given G = (V;E) and a partition
pair h�; P i over G, the GCPP over G and h�; P i has always a unique solution.

Proof. See Appendix A.

Again by exploiting the connection between the simulation problems and the
GCPP’s we can prove the following result.

Corollary 5.1.9 If hS;�i is the solution of the GCPP over G and h�; P i, then � is
a partial order over S.

Proof. See Appendix A.

Hence, each generalized coarsest partition problem has a unique solution which
can be determined by solving a simulation problem. The following easily proved result
states that the converse also holds.

Theorem 5.1.10 (Simulation as GCPP) Let G = (V;E;�) and let hS;�i be the
solution of the GCPP over G� = (V;E) and h�; Ii, where I is the identity relation.
S is the simulation quotient of G, i.e., S = V= �s, and �s de�ned as

a �s b i� [a]s � [b]s

is the maximal simulation over G.

Proof. See Appendix A.

By the above theorem, in order to solve the problem of determining the simulation
quotient of a labelled graph G = (V;E;�) we can equivalently solve the generalized
coarsest partition problem over (V;E) and h�; Ii.
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5.1.1 Solving the Generalized Coarsest Partition Problems

To give an operational content to the results in the previous section, we now introduce
an operator �, mapping partition-pairs into partition-pairs, which will turn out to be
the engine of our simulation algorithm, in Section 5.2. A procedure which computes
� will be used to solve GCPP’s and, hence, to compute similarity quotients: it is only
necessary to iterate the computation of � at most jSj times.

The operator � is de�ned in such a way that it re�nes the partition-pair h�; P i
obtaining a partition-pair h�; Qi which is more stable than h�; P i and is never �ner
than the solution of the GCPP over h�; P i.

� is speci�ed by three conditions and, in the �rst one, we simply impose to split
those classes of � which do not respect the stability condition with respect to them-
selves: if a class � is such that �E9
 and it does not exists a class � such that
(
; �) 2 P and �E8�, then the pair (�; �) does not respect the stability condition,
hence we must split �. The �rst condition is used to build �, while the second and
the third conditions in � are used to de�ne Q on �. Intuitively, the second and the
third conditions allow to obtain Q from P by starting from P (�) and removing the
maximum number of pairs which contradict stability.

De�nition 5.1.11 (Operator �) Let G = (V;E) and h�; P i be a partition pair over
G. The partition pair h�; Qi = �(h�; P i) is de�ned as:
(1�) � is the coarsest partition �ner than � such that

(a) 8� 2 � 8
 2 �(�E9
 ) 9� 2 �((
; �) 2 P ^ �E8�));

(2�) Q is maximal such that Q � P (�) and if (�; �) 2 Q, then:

(b) 8
 2 �(�E8
 ) 9

0 2 �((
; 
0) 2 P ^ �E9


0)) and
(c) 8
 2 �(�E8
 ) 9


0 2 �((
; 
0) 2 Q ^ �E9

0)):

By abuse of notation we use E9 and E8 also when the classes belong to di�erent
partitions.

Condition (a) in (1�) imposes to suitably split the classes of the partition �: these
splits are forced by the fact that we are looking for a partition-pair stable with respect
to the relation of the given graph and we know that in each partition-pair h�; P i the
second component is re
exive. Using condition (b) in (2�), together with condition
(a) in (1�) and exploiting the fact that P is acyclic, it is possible to prove that Q is
acyclic: the acyclicity of P ensures that a cycle could arise only among classes of �
which are all contained in a unique class of �, then using condition (a) in (1�) and
(b) in (2�) we obtain a contradiction. Condition (c) is fundamental, together with
condition (a), in order to obtain the result in Theorem 5.1.14: if it holds that �E8
,
then no matter how we split � one of the subclasses generated from � has a chance (in
the solution of GCPP) to be in relation with at least one of the subclasses generated
from � only if �E9


0 and 
 is in relation with 
0. The following results guarantee the
correctness of � and, hence, of our approach.
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Lemma 5.1.12 (Existence) Let G = (V;E) and h�; P i be a partition pair over
G. There exists at least one partition pair h�; Qi which satis�es the conditions in
De�nition 5.1.11, i.e., � is always de�ned.

Proof. Consider the partition �1 de�ned as �1 = ffag j a 2 V g. Clearly �1 is �ner
than �.
�1 satis�es all the conditions in (1)� (but it can be the case that it is not a coarsest),
since P is re
exive.
Let � be a partition such that:

� � is �ner than �;

� �1 is �ner than �;

� � satis�es all the conditions in (1)�;

� if � is �ner than �2 and �2 is �ner than �, then �2 does not satisfy the
conditions in (1)�.

Notice that there exists at least a partition � which satis�es all these conditions
because there are only a �nite number of partitions.

Consider Q1 = f(�; �) j � 2 �g over �.
Clearly Q1 satis�es all the conditions in (2)�, but it can be the case that it is not
maximal.
Let Q be a relation over � such that:

� Q1 � Q � P (�);

� Q1 is acyclic;

� Q satis�es all the conditions in (2)�;

� if Q2 is such that Q � Q2 � P (�), then Q2 does not satisfy the conditions in
(2)�.

There exists at least a relation Q which satis�es all these conditions because there
are only a �nite number of relations.

Theorem 5.1.13 (Uniqueness) Let G = (V;E) and h�; P i be a partition pair over
G. There exists a unique maximal pair h�; Qi which satis�es the conditions in De�-
nition 5.1.11, i.e., � is a function.

Proof. The previous lemma states that there always exists a maximal pair h�; Qi
which satis�es the conditions in De�nition 5.1.11; we have to prove that this maximal
pair is unique.
Let Sort be a reverse topological sorting of the elements in � with respect to P .
Consider � de�ned in Figure 5.2.

Notice that � does not depend on the topological sorting we have chosen.
It is clear that � satis�es (1�).
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� := �;
while Sort 6= ; do


 := dequeue(Sort);
for each � 2 � do

if �E9
 ^ 8�((
; �) 2 P ) :�E8�) then
replace � with � \ E�1(
) and � n E�1(
) in �

Figure 5.2:

Let us assume by contradiction that there exists �1 such that �1 satis�es (1�) and
�1 is not �ner than �.
This means that there exist a; b 2 V , � 2 �1 and �a; �b 2 � such that a; b 2 �,
a 2 �a, b 2 �b and �a 6= �b.
Consider the class �0 which was obtained during the construction of � and which was
the smallest class obtained during the construction such that � � �0.
Let 
 be the class of � which �rst split �0 into two parts.
Notice that for all � such that (
; �) 2 P and � 6= 
 it holds :�0E9� (since all these
�’s have already been extracted from Sort).
Hence it holds that for all � such that (
; �) 2 P and � 6= 
 :�E8�, moreover, since �
is not a subset of one of the two part of �0, :�E8
 and �E9
. This is in contradiction
with the fact that �1 satis�es (1�).

Similarly it is possible to prove that there exists a unique maximal relation Q over
� which satis�es (2�).

It is possible to obtain Q from P (�) by removing all the pairs which do not ful�ll
the condition, until a �x point is reached. It is immediate to prove that such a �x
point is re
exive. In fact, being h�; P i a partition pair over G, we have that P and
hence P (�) are re
exive. As each pair belonging to f(�; �) j � 2 �g respect both
condition (b) in (2�) and condition (c) in (2�) we can conclude that Q is re
exive.

As far as the acyclicity of Q is concerned consider the relation Qb on � obtained
from P (�) by removing those pairs which don’t respect condition (b) in (2�); we will
prove that Qb is acyclic. Being Q contained in Qb we will obtain, as a byproduct, the
acyclicity of Q.

Assume by contradiction that Qb is cyclic, i.e., there exist �1; �2; ::; �n 2 � with
�i 6= �j for 1 � i; j � n; i 6= j such that (�1; �2) 2 Qb ^ :: ^ ::(�n�1; �n) 2 Qb ^
(�n; �1) 2 Qb. Since P is acyclic and Q � P (�) there must exists a class � 2 � such
that �1; : : : ; �n � �.
Let � be the class in � such that �i � � for 1 � i � n. We have just proved that
� i.e the coarsest partition �ner than � which respect condition (a) in (2�) can be
obtained using the procedure in Figure 5.2, where Sort is a reverse topological sorting
of the elements in � with respect to P. As, for 1 � i; j � n ^ i 6= j, we have �i 6= �j

and �i � � 2 �, by the above pseudo-code we deduce that there exist 
 2 �, a
permutation of �1; ::; �n, say �0

1; ::; �
0
n, and an index 1 � k � n� 1 such that

�0
1E8
 ^ :: ^ �

0
kE8
 ^ @� 2 �((
; �) 2 P ^ (�0

k+1E9� _ :: _ �
0
nE9�)) (1)
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Let’s use the letters S and V to refer respectively to �0
1 [ :: [ �

0
k and �0

k+1 [ :: [ �
0
n.

As �0
1; ::; �

0
n is a permutation of �1; ::; �n and we have supposed that (�1; �2) 2

Qb ^ :: ^ ::(�n�1; �n) 2 Qb ^ (�n; �1) 2 Qb we have that there exist two indexes
1 � t; s � n such that s = t+ 1 _ (t = n ^ s = 1) and �t 2 S ^ �s 2 V . From �t 2 S
we obtain that �tE8
; since (�t; �s) 2 Qb and Qb respect condition (b) in (2�) we
have that �sE9�^ (
; �) 2 P and �s 2 V which contradicts the condition in Equation
(1).

Fix points of the � operator can be used to compute the solution of the GCPP.

Theorem 5.1.14 (Fix Point) Let G = (V;E) and h�; P i a partition pair over G
with P transitive. Let hS;�i be the solution of the GCPP over G and h�; P i. If n is
such that �n(h�; P i) = �n+1(h�; P i), then �n(h�; P i) = hS;�i.

Proof. See Appendix A.

Estimating how large is the index n in the worst case allows us to point out another
important property of the operator �. When we iteratively apply the operator � until
we reach a �x point, at each iteration we re�ne a partition and we remove pairs from
a relation. What we prove in the following theorem is that at each iteration in which
we do re�ne the partition. In a certain sense this means that the two conditions we
have given in (2�) to remove pairs are optimal.

Theorem 5.1.15 (Complexity) Let G = (V;E) and h�; P i be a partition pair over
G with P transitive. Let hS;�i be the solution of the GCPP over G and h�; P i. If i
is such that �i(h�; P i) = h�i; Pii and �i+1(h�; P i) = h�i; Pi+1i, then Pi+1 = Pi and
h�i; Pii = hS;�i.

Proof. Let hS;�i be the solution of the GCPP on G and h�; P i. Using the same
reasoning-schema of Theorem 5.1.14 we obtain that hS;�i v h�i; Pi+1i v h�i; Pii.
If we prove that h�i; P

+
i i is stable we can conclude by Lemma A.0.4 that hS;�i w

h�i; P
+
i i and hence hS;�i = h�i; Pii and Pi+1 = Pi.

Let �; �; 
 2 �i be such that (�; �) 2 P
+
i and �E9
. From the fact that (�; �) 2 P

+
i

we have that there exists (�; �1); : : : ; (�n; �) 2 Pi. Since �E9
 and �i+1 = �i, we
have that there exists 
0 such that (
; 
0) 2 Pi and �E8


0. Since Pi is obtained from
�i(h�; P i) we obtain that there exists �0

1 such that (
0; �0
1) 2 Pi and �1E9�

0
1. Using

again the fact that �i+1 = �i we obtain that there exists �1 such that (�0
1; �1) 2 P1

and �1E8�1. By induction on n we arrive to the conclusion that there exists � such
that (
; �) 2 P

+
i and �E8�.

Corollary 5.1.16 The solution hS;�i of the GCPP over a graph G and a partition
pair h�; P i can be computed iterating � at most jSj times.

The characterizations obtained in this section allow us to conclude that if we are
able to de�ne a procedure which, given a partition-pair h�; P i, computes �(h�; P i),
then we can use it to solve GCPP’s and hence to compute similarity quotients. In
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particular, we recall that given a similarity quotient problem over a labelled graph
G = (V;E;�) in order to solve it it is su�cient solve the GCPP over G and h�; Ii
(notice that I is trivially transitive).

Moreover, the last corollary ensures that it will be necessary to iterate the pro-
cedure which computes � at most jSj times. This is a �rst improvement on time
complexity with respect to the algorithm presented in [18]: in a certain sense [18]
computes an operator which re�nes the partition-pair less than �, and hence it is
possible that the computation has to be iterated up to jSj2 times.

In the next section we present the procedure which computes �.

5.2 The Partitioning Algorithm

In this section we propose an algorithm which solves the generalized coarsest partition
problem we have presented in the previous section. The operator �, also introduced in
previous section, will be the engine of our procedure. The partitioning algorithm

(see Figure 5.3) takes as input a graph G = (V;E) and a partition pair h�; P i, with
P transitive, calls the two functions refine (see Figure 5.4) and update (see Figure
5.5) until a �x point is reached, and returns the partition pair hS;�i which is the
solution of the GCPP over G and h�; P i. In order to solve the GCPP over G and
h�; P i, with P not transitive, it is su�cient to �rst compute P+, the cost of this
operation is O(�3), and hence it does not a�ect the global cost of the algorithm. The
function refine takes as input a partition pair h�i; Pii and it returns the partition
�i+1 which is the coarsest that satis�es the condition in (1�) of De�nition 5.1.11. The
function update takes as input a partition pair h�i; Pii and the re�nement �i+1 and
it produces the acyclic and re
exive relation over �i+1 which is the greatest satisfying
the conditions in (2�) of De�nition 5.1.11. The quotient structures de�ned below, will
be used.

De�nition 5.2.1 (Quotient Structures) Let G = (V;E) and � be a partition of
V . Let E9 and E8 be the relations in De�nition 5.1.3.
The 9-quotient structure over � is the graph �9 = (�; E9).
The 8-quotient structure over � is the graph �8 = (�; E8).
The 98-quotient structure over � is the structure �98 = (�; E9; E8).

De�nition 5.2.2 (Induced Structure) Let G = (V;E). Let � and � be two par-
titions of V with � �ner than � the 98-induced quotient structure over � is the
structure �98(�) = (�; E�

9 (�); E�
8 (�))); where:

�E�
9 (�)
 i� � \ E�1(
) 6= ;

�E�
8 (�)
 i� �E�

9 (�)
 ^ � � E�1(
0) ^ 
 � 
0 2 �

with �; � 2 �.

At the end of each iteration of the while-loop in the PartitioningAlgorithm

we have that h�i+1; Pi+1i = �(h�i; Pii).
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PartitioningAlgorithm((V;E); h�; P i)

(1) change := >;
(2) i := 0; �0 := �; P0 := P ;

{ Re�ne the partition pair (quotient graph) until stability with respect to E {
(3) while (change) do
(4) change := ?;
(5) �i+1 := refine(�i; Pi; change);
(6) Pi+1 := update(�i; Pi;�i+1);
(7) i := i+ 1;

Figure 5.3: The PartitioningAlgorithm.

It is immediate to see that the refine function works exactly as described in the
proof of Theorem 5.1.13, and hence it produces the partition which is the �rst element
of �(�i; Pi).

Corollary 5.2.3 If �(h�i; Pii) = h�; Qi, then � = �i+1.

update removes pairs from Pi(�i+1) = Indi+1 in order to obtain the relation
Pi+1 which satis�es the two conditions in (2�) of De�nition 5.1.11. We start with
the relation Indi+1, which is nothing but the relation induced on �i+1 by Pi, and the
98-induced structure on �i+1. We obtain Refi+1 by removing from Indi+1 all the
pairs (�; �) such that there exists 
 2 �i such that �E8
 and there does not exists

0 2 �i such that �E9


0. Hence, Refi+1 satis�es condition (b), but not necessarily
condition (c), of (2�). In order to guarantee also condition (c) we build the quotient
structure �(i+1)98 and we remove all pairs not satisfying condition (c) from Refi+1.
Hence, Pi+1 satis�es (2�).

The deletion of \wrong" pairs is performed by new HHK (see Figure 5.6), which
is a version of [63] adapted to our purposes here.

Notice that the space complexity of the calls to the adapted version of [63] remains
limited since they are made on quotient structures. This function is based on the use
of the two structures �i98(�i+1) (cf. De�nition 5.2.2) and �i+198 (cf. De�nition
5.2.1), and on the following equivalent formulation of the second condition in (2�).

Proposition 5.2.4 Let G = (V;E), h�; P i be a partition pair and � be a partition
�ner than �. Q satis�es (2�) of De�nition 5.1.11 if and only if Q is the maximal
relation over � such that Q � P (�) and if (�; �) 2 Q, then:

8
 2 �(�E�
8 (�)
 ) 9
0 2 �((
; 
0) 2 P (�) ^ �E�

9 (�)
0))
8
 2 �(�E8
 ) 9


0 2 �((
; 
0) 2 Q ^ �E9

0));
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Refine(�i; Pi; change)

(1) �i+1 := �i;
(2) for each � 2 �i+1do Stable(�) := ;;
(3) for each 
 2 �ido Row(
) := f
0 j (
; 
0) 2 Pi)g;
(4) Let Sort be a reverse topological sorting of h�i; Pii;

{ Split the classes in �i using maximal classes with respect to Pi {
(5) while (Sort 6= ;) do
(6) 
 := dequeue(Sort);
(7) A := ;;
(8) for each (� 2 �i+1; �E9
; Stable(�) \ Row(
) = ;) do
(9) �1 := � \ E�1(
);
(10) �2 := � n �1;
(11) if �2 6= ; then change := >;
(12) �i+1 := �i+1 n f�g;
(13) A := A [ f�1; �2g;
(14) Stable(�1) := Stable(�) [ f
g;
(15) Stable(�2) := Stable(�);
(16) �i+1 := �i+1 [A;
(17) Sort := Sort n f
g;
(18) return �i+1

Figure 5.4: The Refine procedure.

Update(�i; Pi;�i+1)

(1) Indi+1 := f(�1; �1) j �1; �1 2 �i+1; �1 � �; �1 � �(�; �) 2 Pig;

(2) �i98(�i+1) := h�i+1; E
�i

9 (�i+1); E�i

8 (�i+1)i;
(3) Refi+1 := NewHHK(�i98(�i+1); Indi+1;?);
(4) �(i+1)98 := h�i+1; E9; E8i;
(5) Pi+1 := NewHHK(�(i+1)98; Refi+1;>);
(6) return Pi+1

Figure 5.5: The Update function.

where E�
8 (�) and E�

9 (�) are the edges of the 98-induced quotient structure, while E9

and E8 are the edges of the 98 quotient structure.
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NewHHK(T;R1; R2);K; U)

(1) P := K;
(2) for each c 2 Tdo
(3) sim(c) := fe j (c; e) 2 Kg;
(4) rem(c) := T n pre1(sim(c));
(5) while fc j rem(c) 6= ;g 6= ;do
(6) let c 2 fc j rem(c) 6= ;g;
(7) while rem(c) 6= ; do ;
(8) let b 2 rem(c);
(9) rem(c) := rem(c) n fbg;
(10) for each c 2 T do
(11) if b 2 sim(a)then
(12) sim(a) := sim(a) n fbg;
(13) P := P n f(a; b)g;
(14) if (U) then for each b1 2 pre1(b)do
(15) if post1(b1) \ sim(a) = ;then
(16) rem(a) := rem(a) [ fb1g;
(17) return P

Figure 5.6: The NewHHK function.

Proof. In order to have our thesis we only need to prove that

8
 2 �(�E�
8 (�)
 ) 9
0 2 �((
; 
0) 2 P (�) ^ �E�

9 (�)
0)),

8
 2 �(�E8
 ) 9

0 2 �((
; 
0) 2 P ^ �E9
)):

()) Assume, by contradiction, that

8
 2 �(�E�
8 (�)
 ) 9
0 2 �((
; 
0) 2 P (�) ^ �E�

9 (�)
0))^

9
 2 �(�E8
 ^ 8

0 2 �((
; 
0) 2 P ) :�E9
)): (1)

Let 
 2 � be the class such that (�E8
 ^ 8

0 2 �((
; 
0) 2 P ) :�E9
)). As �E8


we can �nd a class of �, 
1 such that �E9

1 ^ 
1 � 
.

By construction of �i98(�i+1) we have that �E�
8 (�)
1 and hence (by equation 1)

that there exists a class in �, say �1, such that �E�
9 (�)�1 ^ (
1; �1) 2 P (�).

Let � be the class of � such that �1 � �. As �E�
9 (�)�1 ^ (
1; �1) 2 P (�) we deduce,

by de�nition of P (�) and by construction of �i98(�i+1), that �E9�^(
; �) 2 P which
contradicts our assumption. (() Assume by contradiction that

8
 2 �(�E8
 ) 9

0 2 �((
; 
0) 2 P ^ �E9
))^

9
 2 �(�E�
8 (�)
 ^ 8
0 2 �((
; 
0) 2 P (�)) :�E�

9 (�)
0)) (2)
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Figure 5.7: The conditions in (2�) on the quotient structures.

Let 
1 be the class of � such that �E�
8 (�)
1^8�1 2 �((
1; �1) 2 P (�)) :�E�

9 (�)�1).
Consider 
 2 � such that 
1 � 
. By construction of �i98(�i+1) (as �E�

8 (�)
1) we
have that �E8
 and hence, by equation (2), that 9� 2 � such that (
; �) 2 P ^�E9�.
Let �1 2 � be such that �1 � �. As �E9�^(
; �) 2 P we deduce, by de�nition of P (�)
and by construction of �i98(�i+1), that �E�

9 (�)�1 ^ (
1; �1) 2 P which contradicts
our assumption.

We present the conditions in Proposition 5.2.4 describing one iteration of the parti-

tioning algorithm on a simple example.

Example 5.2.5 Consider the graph G and the partition � = f�; �g shown on the
left in Figure 5.7.

The partition �1 we obtain by applying refine(�; I;>) is the partition f�1; �2; �1; �2g
shown on the right in Figure 5.7.

The relation Ind1 is formed by the pairs (�i; �j), (�i; �j), with i; j 2 f1; 2g.
The pair (�2; �1) does not satis�es condition (b) in (2�). In fact, �2E8�, while

�1 does not reach existentially any class of �. Using the conditions in Proposition
5.2.4 this corresponds to the fact that �2E

�
8 (�1)�2, while �1 does not reach through

E�
9 (�1) any class.

By computing new HHK(�098(�1); Ind1;?) we obtain

Ref1 = f(�1; �2); (�2; �1); (�1; �2)g [ I

The pair (�2; �1) does not satis�es condition (c) in (2�). In fact, �2E9�2, while
�1 does not reach existentially any class � such that (�2; �) 2 Ref1. This is equivalent
to what is stated in the second condition of Proposition 5.2.4.

By computing new HHK(�198; Ref1;>) we obtain

P1 = f(�1; �2); (�1; �2)g [ I;

i.e., the maximal relation satisfying the conditions in Proposition 5.2.4.

The computation performed by the function update corresponds to determine
the largest relation included in Pi and satisfying conditions (2�), thereby getting us
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closer to stability. The correctness of update is based on some technical lemmas
reported in Appendix A. Hence we can prove the following invariant relative to the
functions update and refine.

Theorem 5.2.6 (Re�ne-Update invariant) The following holds:

h�i+1; Pi+1i = �(h�i; Pii):

Proof. See Appendix A.

As a consequence of Theorem 5.1.15 and of Corollary 5.1.16, since the parti-

tioning algorithm terminates whenever �i+1 = �i, we can conclude that the
partitioning algorithm computes the solution hS;�i of the GCPP over G and
h�; P i, with P transitive, performing at most jSj iterations of the while-loop.

Theorem 5.2.7 (Time complexity) Given a graph G = (V;E) and a partition
pair h�; P i, with P transitive, the algorithm partitioning algorithm computes
the solution hS;�i of the GCPP over them in time O(jSj2jEj).

Proof. From Corollary 5.1.16 we have that at most jSj iterations of the while-loop are
performed. We now prove that, in each iteration of the partitioning algorithm,
the refine function takes O(j�ijjEj) = O(jSjjEj) time. The cost of the re�ning steps
over the entire partitioning algorithm is then O(jSj2jEj).

The initialization phase (the instructions before the while-loop) in refine takes
time O(j�ij

2). During each iteration of the while-loop an element 
 is taken out
of Sort and it is never reinserted in it: as there are j�ij classes in Sort, the while-
loop is iterated at most j�ij times. Once 
 has been dequeued, the set Split(
) =
f� j E�1(
) \ � 6= ;g can be computed in O(jE�1(
)j) time. Each instruction
in the while-loop, di�erent from the for-loop, costs O(1); without considering the
innermost for-loop, the global cost of the while-loop, in a re�ning step, is then
O(E�1(
1) + : : :+ E�1(
j�ij)) +O(j�ij) = O(jEj).
Split(
) contains at most jE�1(
)j elements and hence the number of for-loop’s itera-
tions is bounded by jE�1(
)j. Assuming to have Pi represented as an �i��i adjacency
matrix, the check Stable(�) \ Row(
) = ; can be implemented in O(jStable(�)j) =
O(j�ij). As far as the remaining operations in the for-loop are concerned, we observe
that, for each class � 2 �i+1 with E�1(
)\� 6= ;, the sets �1 = E�1(
)\� and �2 =
�n�1 can be provided while computing (i.e., at the cost of computing) Split(
): strate-
gies similar to the ones suggested in [84] can be used to this purpose. For-loop’s in-
structions involving the updating of �i+1 and the setting of the Stable sets (relative to
the new �i+1 classes) can be implemented in O(1). Thus the global cost of the for-loop
in a re�ning step turn out to be O(E�1(
1)j�ij+ : : :+E�1(
j�ij)j�ij) = O(jEjj�ij).
We get that the complexity of the refine function is O(jSj2 + jSjjEj) = O(jSjjEj) 1.

1We assume that jV j = O(jEj) in the graph in input: note that in the context of model checking,
Kripke structures modeling the �nite systems to validate always satisfy the above assumptions.
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In update the cost of the initialization of Indi+1 is O(�2
i+1). As far as the initial-

ization of the 98-quotient structure and the 98-induced quotient structure are con-
cerned, the following procedure builds �(i+1)98 = h�i+1; E9; E8i and �i98(�i+1) =

h�i+1; E
�i

9 (�i+1); E�i

9 (�i+1)i in O(j�i+1j
2 + jEj) time (each iteration of the inner-

most for-loop can be easily implemented at the cost of computing E�1(�0)):

1. for each � 2 �i do

2. compute E�1(�) and sign each �0 2 �i+1; �
0 � E�1(�);

3. for each �0 2 �i+1; �
0 � � do

4. E9 := fh�0�0i j �0 2 �i+1; �
0 \ E�1(�0) 6= ;g;

5. E�i

9 (�i+1) := fh�0�0i j �0 2 �i+1; �
0 \ E�1(�0) 6= ;g;

6. E8 := fh�0�0i j �0 2 �i+1; �
0 � E�1(�0)g;

7. E9 := fh�0�0i j �0 2 �i + 1 has been signed in step 2;
�0 \ E�1(�0) 6= ;g.

Without considering the two calls to the new HHK function, the complexity of the
updating steps overall the partitioning algorithm is then O(jSj(jEj + jSj2)) =
O(jSj2jEj). In order to evaluate the cost of performing the entire set of calls to
the function new HHK, we can either directly apply the results in [63] to a single
procedure’s call or use a global argument. We could apply directly the results in [63]
since both the calls to new HHK, relative to a single update step, correspond to a
call to the function in [63] on a graph having �i nodes linked by two types of edges:
8-edges and 9-edges (moreover the �rst call is stopped after only one iteration). The
only substantial di�erence between the function in [63] and new HHK is that some
of the operations of predecessor’s set’s computation are specialized for the 8-edges.
As two nodes are linked by a 8-edge only if they are linked by an 9-edge and there are
O(jEj) 9-edges, we can conclude, using the results in [63], that each call to new HHK

costs O(jSjjEj).
However, the results in [63] are based on the use of a special counter table requir-

ing O(jSj2 log(jSj)) space. This counter table allows to check the innermost if guard
in new HHK in constant time (it keeps track, for each couple of classes h�; �i, of
the value jpost(�) \ sim(�)j). Using a global argument to evaluate the cost of the
entire set of calls to the function new HHK, we can obtain the same time complexity
avoiding to maintain the counter tables. In particular, the innermost if statement of
new HHK overall the partitioning algorithm is O(jSj2jEj), without any counter
table. In fact, the innermost if statement in new HHK is executed only after a class,
say �, is removed from the set of classes simulating another class, say �; its cost,
without counter table, is easily proved to be O(jSjjE�1(�)j). Let �k be a class in �k

and consider, for each iteration of the partitioning algorithm i, �i � �k and the
classes �1

i ; ::; �
mi

i removed from sim(�i) while executing the innermost for-loop in a
new HHK call. By De�nition 5.1.11, Corollary A.0.10, and Lemma A.0.11 the classes
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�1
1 ; ::; �

m1

1 ; ::; �1
k; ::; �

mk

k are mutually disjoint; hence the cost of executing the inner-
most if statement of new HHK, involving a class just recognized to be not able to
simulate �i � �k, is (jE�1(�1

1)j+::+jE�1(�m1

1 )j+::+jE�1(�1
k)j+::+jE�1(�mk

k )j)jSj =
O(jEjjSj). As there are jSj classes in �k, the innermost if statement of the function
new HHK takes, overall the entire partitioning algorithm, O(jSj2jEj).

Theorem 5.2.8 (Space complexity) Given a graph G = (V;E) and a partition
pair h�; P i, with P transitive, the algorithm partitioning algorithm computes
the solution hS;�i of the GCPP in space O(jSj2 + jV j log(jSj)).

Proof. During each iteration of the algorithm it is necessary to consider: the relation
E; the relation Pi (at most O(j�ij

2) space); the relation which maps each node in V
into the class of �i to which it belongs (space O(jV j log j�ij)).

As observed in [63] it is not really necessary to keep the relation E in memory: we
can use it only when it is necessary to provide the set of successors and predecessors
of a given node. Hence the space complexity is O(jSj2 + jV j log(jSj))).

5.2.1 Implementation and Tests

To asses the performance of the partitioning algorithm we have implemented it
in Standard ML and interfaced it with the Concurrency Workbench of the New Cen-
tury (CWB-NC) (see [29]). The CWB-NC release incorporates both the simulation
algorithm by Paige and Bloom [8] and the simulation algorithm by Cleaveland and
Tan [31]. We tested our routine and the latter mentioned procedure on some toy
examples as well as on case studies included in the CWB-NC.

The CWB-NC analysis routines work on transitions systems having labelled edges.
Thus, we adapted our algorithm following an approach similar to the one used in [31].
The refine step is performed once with respect to each action, while in the update

step an action parameter is employed.
In the sequel we describe some of the data structures used giving several imple-

mentation details. Then, some experimental results will be presented. The tests have
been executed on a Pentium III, 400 MHz PC, 256MB RAM, OS Linux Red Hat 6.2.

We make use of two modi�able arrays of records (called coarser partition table and
�ner partition table, respectively) to represent, in each iteration i of the algorithm,
the partition �i�1 (to be re�ned) and the partition �i (result of the re�nement step).
Each record in the �ner partition table corresponds to a block of �i and we associate
to it the following �elds:

� states: a doubly linked list of states representing the set of states belonging to
the block;

� touched states: a doubly linked list of states used to keep trace of the states
touched while scanning the elements having transitions into a �i�1 class;
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� superclass: the index in the coarser partition table of the �i�1 class containing
the block;

� stable blocks: a list of indexes in the coarser partition table allowing to represent
Stable(�0) within the refine step.

Each record in the coarser partition table corresponds to a block of �i�1 and we keep
the following information associated to it:

� splitted blocks: a list of indexes in the �ner partition table corresponding to the
blocks �0 2 �i such that �0 � �;

� greater blocks: a list of indexes in the coarser partition table corresponding to
the blocks � 2 �i�1 such that (�; �) 2 Pi�1.

We do not represent explicitly the set of states of each class � 2 �i�1: this set can
be retrieved by combining the doubly linked list of states of each �i class contained
in �. The states are integers ranging over [1::num states]. Thus, they are used to
index the table states info maintaining, for each state, a pointer to the position in the
unique doubly linked list (states or touched states) they belong to. The relation E�1

is maintained, by means of an adjacency list. This allows to retrieve, for each node
a, the set E�1(a) in time proportional to its size.

At the beginning of each re�nement step i the coarser partition table and the
�ner partition table represent the same partition �i�1. After the re�nement has
been performed the �ner partition table keeps �i and the splitted blocks lists in the
coarser partition table allow to retrieve the correspondence between �i�1 and �i.
Hence, it is possible to construct 98 quotient structure and the 98 induced quo-
tient structure. These are represented by means of two pairs of adjacency lists. In
the adjacency list representing 9 quotient structure, for example, we associate to each
�i class, �, the list of �i classes � such that �E9�. This allows us to retrieve, given
a block �, the set of blocks � with �E9� in time proportional to its size. Beside
the construction of the quotient structures some other operations are necessary be-
fore entering the i step of update. In particular, the partition �i is copied in the
coarser partition table. Meanwhile the relation relation induced over �i by Pi�1 is
computed and stored in the greater blocks �elds of the coarser partition table. The
remove sets used in new KKH are globally represented as an array of lists of indexes
in the coarser partition table.

Now we present the results of some tests performed to compare our implementa-
tion of the partitioning algorithm with the implementation of the algorithm by
Cleaveland and Tan ([31]) available inside CWB-NC2.

We start with some tests on toy examples built to point out the di�erences between
the two algorithms. Figure 5.8 shows the structures of two examples. In this two cases
the partitioning algorithm takes advantage of the fact that its time and space

2The implementation of the Cleaveland and Tan algorithm we use is the one with ALT table and
without Path Compression (see [31]).




